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PREFACE 


“Т wave often been surprised that Mathematics, the quint- 
essence of Truth, should have found admirers so few and so 
languid. Frequent consideration and minute scrutiny have at 
length unravelled the cause ; viz. that though Reason is feasted, 
Imagination is starved; whilst Reason is luxuriating in its 
proper Paradise, Imagination is wearily travelling on a dreary 
desert, To assist Reason by the stimulus of Imagination is the 
design of the following production.’ 

So wrote S. T. Coleridge to his brother in 1791, when he 
himself was a boy of 17 at Christ’s Hospital. The ‘production’ 
to which he refers was a problem of Euclid, expressed in verse. 
Tf the words are in any sense an apt introduction to this present 
work, it is a different kind of imagination to which it must lay 
claim, and, one may add, a more essentially mathematical kind. 

This book was born in the classroom, and arose from the 
spontaneous interest of a Mathematical Sixth in the construc- 
tion of simple models. A desire to show that even in mathe- 
matics one could have fun led to an exhibition of the results 
and attracted considerable attention throughout the school. 
Since then the Sherborne collection has grown, ideas have come 
from many sources, and widespread interest has been shown. 
Tt seems therefore desirable to give permanent form to the 
lessons of experience so that others can benefit by them and 
be encouraged to undertake similar work. 

А word may be added here about the functions of the respec- 
tive authors. Between them their experience extends from 1927 
to the present time, and they have made or supervised the 
making of practically every model mentioned in this book. 
The second author provided the initial stimulus for much of 
the work and also a constant flow of ideas and inspiration. 
The actual writing has of necessity devolved mainly upon the 
first author, and he is responsible for the presentation of the 
material, But the book is in a real sense a joint effort, though 
not perhaps a collaboration of the orthodox type. 
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The authors are indebted to Mr. B. J. Banner for his photo- 
graphs of the regular and Archimedean polyhedra: to Messrs. 
Newton and Co. for diagrams of curves drawn with the twin- 
elliptic pendulum: to Professor H. S: М. Coxeter for some of 
the drawings and for his friendly interest and encouragement: 
to Mr. Е. С. Mee for reading the proofs: and finally to the staff 
of the Clarendon Press for all the help and advice that they have 
given. The provenance of ideas can never be fully acknow- 
ledged, but the reader who is familiar with. the books listed in 
the Bibliography will recognize all too readily the origin of 
much that is contained in the following pages. There is here 
very little originality of concept, but only that originality which 
inheres in anything that is individually made. And this the 
authors hope will be.as much the reader's as their own. 

Н. М. С. 
Sherborne, 1951 А.Р. В. 


NOTE ТО SECOND IMPRESSION 


THE authors are grateful to many who have kindly welcomed 
the first edition and have sent comments and friendly criticism. 
As a result it has been possible to correct.a number of errors 
and make a few other small changes in this impression. Our 
thanks are particularly due to Mr. Dorman Luke of West Palm 
Beach, Florida, and Mr. Michael Goldberg of Washington, who 
have suggested many improvements. 

Н. М. С. 


А.Р. В. 
Sherborne, 1953 
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THE USE AND CONSTRUCTION OF 
MODELS 


Млтнематтсз is often regarded as the bread and butter of 
science. If the butter is omitted, the result is indigestion, loss 
of appetite, or both. The purpose of this book is to suggest 
some ways of buttering the bread. The human mind can seldom 
accept completely abstract ideas; they must be derived from, 
or illustrated by, concrete examples. Here the reader will find 
ways of providing for himself tangible objects which will bring 
that necessary contact with reality into the symbolic world of 
mathematics. 


1.1. WHat 15 А MoDEL? 


Tn theory, any figure drawn on paper is a tangible aid to the 
understanding, and there would be some justification in includ- 
ing this in the title, for the earliest use of the word ‘model’ 
denoted a set of architect’s plans. We shall, however, include 
here only such figures as possess intrinsic interest and are out- 
side the ordinary run of figures which are easily available else- 
where. We are more concerned with solid objects, ‘figures’ in 
solid geometry, moving diagrams, and mechanisms. The plane 
models we shall describe are for the most part made of paper 
or card, as distinct from figures made of ink on paper. There is, 
however, a section (2.4) on curves and loci, included for their 
peculiar interest. The models relate mainly to ‘elementary’ 
mathematics, though there are some that stand outside the 
ordinary work in a school. The reader is well advised to see the 
collections of models in places like the Science Museum, or some 
university mathematical departments, but our aim here is rather 
less ambitious.{ 


ү There is a beautiful collection of polyhedral models in wire and cardboard 
in the Winchester College Museum. These were made by three boys. 
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1.2. THE UsE ок MODELS 


The main use of a model is the pleasure derived from making 
it. When it is made it can be used to demonstrate the fact 
which it illustrates. Finally, it may form part of a permanent 
collection of similar constructions. People have collected many 
stranger things than polyhedra on occasion. If words must be 
found, we can describe these uses as the creative, demonstrative, 
and collective uses of models. 

The creative value of a model is there for anybody who will 
take the trouble to make it. A mathematician who cannot 
express himself in other ways may be able to make an attractive 
model, and to make it well. In many cases great technical skill 
is not required, and some of the most complicated models 
described in the following pages require nothing beyond care 
and patience. Further, the materials are not usually expensive, 
and even scrap can often be used. The keen model-maker is 
always on the look-out for possible raw material. 

The demonstrative use of the model will appeal more to the 
professional teacher of mathematics. There is no doubt that 
we all appreciate and remember much more easily the properties 
of something we have actually seen; even more so if we have 
actually made it. 

Some models in this book are suitable for ‘mass production’ 
by a class ; others are more suitable for demonstration. The wise 
teacher will know best how to use any particular idea which he 
finds here and we have not felt it our duty to tell him. We only 
hope that plenty of ideas will be found. 

The collective value of models is associated with a personal 
collection, or a mathematical exhibition. To set out to make for 
oneself a full set of regular and Archimedean polyhedra, or 
examples of all the quadric surfaces, or even a complete set of 
sketches of the various types of cubic curve, is a hobby which 
satisfies one’s acquisitive instinct, demands patience, teaches 
skill, and can bring much pleasure, A good mathematical ex- 
hibition always arouses interest. It is an opportunity for many 
to participate; it stimulates enthusiasm and an awareness of 
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the aesthetic value of mathematics, as well as its pervasiveness. 
Tt is a mistake to suppose that what is not fully understood is 
dull or will not attract attention : many enjoy a fugue without 
understanding the technicalities of its structure. 


1.3. MATERIALS FOR MODELS 
Suitable material for each model described in the following 
pages is usually suggested with the description. In general no 
elaborate materials are required. Except of course for exhibition 
purposes, crudeness of construction is no drawback to the use- 
fulness of a model, and may even be an advantage in stimulating 
someone else to do better! The best models are those which 
are made from things which are ready to hand. The following 
suggestions may be useful. 
1.3.1. Sheets. Cartridge paper 
Manilla folders 
Pasteboard, 4-sheet, 6-sheet, and 10-sheet 
Plain postcards 
Plywood 
Masonite 
‘Donnaconna’ or plasterboard—thick, light 
layers for contour work 
Glass—lantern-slide cover-glasses 
Celluloid sheets ог Perspex’ (rather expen- 
sive, but offeuts can often be bought 
cheaply) 
Sheet metal, cut from old tins and cans 
1.3.2. Disks. Wooden toy wheels 
Bases of broken plastic plates and beakers 
(easily cut off with a hack-saw and polished 
up with glass-paper) 
Cork mats 
Coins 
Lathe cores 
1.3.8, Lines. Coloured twine 
Plastic (polyvinyl) thread 
Violin strings 
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1.3.3. Lines (contd.) 


1.3.4. Strips. 


1.3.5. Rings. 


1.3.6. Points. 


1.3.7. Joints. 


Fish lines 

Shirlastic 

Round elastic 

Plastic-covered wire from radio shops 

Piano wire 

Copper wire strapping on crates 

Steel knitting-needles (soften before machin- 
ing) 

Wooden skewers 

Paint-brush handles from chain-stores (some- 
times tubular plastic, which is very useful) 

Pencils 

Gumstrip 

Flat steel strapping from crates 

Cardboard strips 

‘Juneero’ strips 

‘Meccano’ strips 

Flat or I-section curtain rail from chain- 
Stores 

Wooden laths 

Steel washers 

Rings from haberdashery 

Curtain rings 

Quoits 

‘Halo’ rings 

Wire circles from lampshades 

Drawing pins 

Pins with coloured heads 

Military marking pins 

Golf tees 

Florist’s wire 

Sealing wax 

Paper fasteners 

Eyelets 

Gut rivets (heat the ends of short lengths 
of violin string) 
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Metal rivets 
Nuts and bolts 
Solder 
Glue 
Balsa cement 
Perspex cement (solution of ‘Perspex’ in 
ethylene dichloride) 
Nail-polish remover (acetone, for celluloid) 
Durofix (or solution of celluloid in amyl 
acetate) 
Glass cement (grind surfaces to be joined) 
Canada balsam 
1.3.8. Tools. Razor blades and steel rule 
| Coping-saw 
Fine tenon-saw 
Hack-saw 
Wheelbrace and drills 
Compasses 
Eyelet punch 
Soldering iron and cored solder 
Small cramp 
| File 
| Plane 
Hammer 
Screwdriver 
Shears and scissors 
Wire-cutters 
Glass-cutter 
Glass-paper and emery cloth 
Household scouring powder 
Metal polish. 

1.3.9. Miscellaneous. Most models look better if well 
painted. Metal strips are best painted with quick-drying dopes ; 
cardboard with enamels (high-gloss paints) ; flat diagrams with 
poster-paints. Use good brushes, апа keep separate those used 
for the various kinds of paint. Gummed sheets of coloured 
paper can be bought and are sometimes useful. Plastics are 
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self-coloured, and different coloured threads, sheets, and wire 
should be obtained if required, 

The Meccano and Juneero systems are flexible and therefore 
useful. A good thread-cutting die for Juneero rod or knitting- 
needles, ete., is a sound investment, but be sure that you can 
get nuts easily to match the thread. Balsa wood, beloved of 
the model aircraft enthusiast, has limited applicability in this 
field. Its extreme lightness is not needed, and the ease with 
which it is broken or deformed is a grave disadvantage. But 
the balsa wood cement is very useful since it dries rapidly. 

It is not of course suggested that all these things are neces- 
sary, or that the model-maker should begin by laying in a stock 
of them all. The best way is to get started and buy things only 
as you need them. Many of these things need not be bought 
at all, since models can often be made from scrap or pieces 
which are too small for any other purpose. On the other hand, 
good tools are worth having, and will long outlast cheap or 
‘toy’ substitutes. 

The appearance of a model depends to a great extent on small 
details. For exhibition purposes where the best results are 
desired, accurate work is essential, and careful attention must 
be given to ‘finish’, Good, even painting needs care and practice. 
Polishing requires patience. It is worth mentioning that all | 
household cleansing-powders, in spite of the advertisements 
° which boost their non-scratch properties, are excellent mild 
abrasives, used slightly damp, and will grind glass finely if 
tubbed between two panes. They are also useful for rubbing 
out scratches from metal or Perspex’ leaving a fine matt surface 
which can be worked smooth if desired with metal polish, The 
human palm is the best polishing base! 

A collection of models: will need labelling. Advice can be 
sought from an artist or from books on the subject of lettering, 


but again practice and clean straight strokes are the best recipe 
for attractive results, 


II 
MODELS IN PLANE GEOMETRY 


2.1. DISSECTIONS 


Tue fascination of dissection is universal. To substantiate this 
statement we have only to call to mind the popularity of the 
jig-saw puzzle; the frequency with which dissection puzzles still 


ae 


Fig. 1. 


appear in illustrated papers, and the continued sale for mosaics 
and similar toys. As a diversion we give diagrams of two of 
these. The first is the famous Chinese traditional pastime known 
as tangrams which used to be, and perhaps still is, marketed 
by a firm of toy manufacturers in this country. The square 
shown in the diagram (Fig. 1) is dissected into seven pieces: a 
small square whose side we take as the unit; five isosceles right- 
angled triangles, one with hypotenuse 2 units, two with unit 
equal sides, and two with equal sides of 2 units; and a parallelo- 
gram with unit base and unit height, the angle between two 
of its sides being 45°. From these pieces a large number of 
figures can be made, two of which are given as examples. 
A more ambitious design is shown in Fig. 2; in this case an egg 
is dissected and rearranged to form the outline of various birds; 
again a variety of other objects can be produced with a little 
ingenuity. A puzzle of this type was on the market several 
5183 B 
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years ago; the outlines only of various figures were given, the 
object being to construct them from the pieces. It has been 
claimed that a feeling for congruence and incommensurable 


lengths can be obtained by such means. These designs can be ` 


cut very easily from thin plastic if a permanent set of pieces 
is required. 

2.1.1. Area dissections. These dissections are used to show 
the equivalence of figures in the theory of area. They can be 
eut from paper or thin card. In most cases the construction of 
the figures is simple enough for beginners in the study of area 
to perform the dissections for themselves. Fig. 3 shows a 
method of demonstrating the equivalence of parallelograms on 
the same base and between the same parallels, A rectangle 
ABCD is first cut from card, or a postcard may be used. 
A straight cut removes the triangle AXD, which can be laid 
down so that AD falls along BC; in this way the parallelogram 
PQRS is built up. Different cuts from equal postcards will lead 
to different parallelograms, but all have equal bases and heights. 
The formal proof follows at once. 

2.1.2. Areaofa triangle. The fact that the area of a triangle 
is half that of a parallelogram on the same base with the same 
height follows immediately from the fact that two congruent 
triangles can actually be fitted together to form the parallelo- 
gram. 

There is, however, a direct way of dissecting a triangle to 
form a rectangle. Fig. 4 makes the construction clear: X, У 
are the mid-points of AB, AC, and AN is perpendicular to XY. 
It is of course necessary for the angles at В and C to be acute. 
The important fact also emerges from this dissection that XY 
is parallel to ВО. Further, by moving the triangle LX B so that 
LB lies along MC, the method of proof is indicated. 

A neat way of showing this same dissection is by folding. 
Cut the triangle 4 BO out of paper (Fig. 5) and fold along XY, 
ХР, YQ. The resulting figure is a doubled rectangle XY PQ. 
Incidentally, another important fact emerges, namely, that the 
sum of the angles A, B, and C is 180°, since these three angles 
exactly fit together, after the folding, at D. 


Fig, 3. Fic. 4. 
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2.1.3. Area of a trapezium. Three dissections are shown in 
the diagrams which demonstrate the formula for the area 
in each of the three forms }{h(a+-b)}, hx (a+b), Ах (a+b). 
In Fig. 6 two congruent trapezia are used, together making the 
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parallelogram of area K(a+-b): In Fig. т only the one trapezium 
is used; the points X and Y are mid-points. In each case the 
trapezium is cut into two parts which are rearranged to form 
a parallelogram; in the first case the height is № and the base 
$(a-4-5); in the second the height is 4h and the base (a+b). 
2.1.4. Theorem of Pythagoras, There are many proofs of 
this famous theorem which involve dissection; the best known 
is probably Perigal’s, shown in Fig. 8. This is, however, a diffi- 
cult dissection to carry out and its correctness is not easy to 
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demonstrate formally. A simpler demonstration is shown in 
Fig. 9 which gives the equivalent squares as the difference 
between a fixed square and four movable triangles. To make 
a model, four set squares can be used for the triangles and a 


Fic. 10. 


hollow square frame of the correct dimensions cut to accommo- 
date them. 

Neither of these dissections is connected with the Euclidean 
proof, which proceeds on quite different lines. Fig. 10 shows 
in visual form the equivalence of areas involved in this proof, 
but an actual dissection based on it would have eight pieces, 
whereas the two preceding figures involve only five. 

2.1.5. General dissection. It can be shown that if two 
rectilinear figures are equivalent, each can be dissected into a 
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finite number of pieces which can be rearranged to form the 

other.t This is in general a complicated procedure, but some 

particular cases are attractively simple, one of which is shown 

in Fig. 11. Here an equilateral triangle is dissected into four 

pieces only which can be re- 

arranged to form the equivalent 
square. 

First find the side of the 

N M square by the usual construction 

as the mean proportional be- 

tween half the base and the 

. height of the triangle. Let М, 

в X L С Ме the mid-points of АС and 

AB. Cut off MX, with X on 

BC, equal to the side of the 

equivalent square. Cut off 


A 


pendiculars LH, NK from L, N 

to MX. If the four resulting 

pieces are hinged at Г, М, N 

Fro. 11. and rotated, they can be 

closed up into the square 

К, K, H, Н, as in the second diagram. The formal proof is left 

to the reader, and.shows incidentally that KX = HM. A model 

can be made of metal plates; accurate work will be needed in 
making the hinges. 

Further examples of dissection of this general type can be 
found in Kraitchik, Mathematical Recreations, pp. 193-8. 
2.1.6. Similar figures. An interesting dissection is shown 
in Fig. 12 in which a dodecagon is cut into twelve congruent 
pieces, which can be added to an equal dodecagon to make a 
similar figure with an edge v2 times as great. Each piece is an 
equilateral triangle plus half a square; six of the pieces must 
be turned over, 


The same thing can be done with three hexagons: two are 


, 1 A. Mineur, Mathesis (1931), pp. 150-2; Rouse Ball, Mathematical Recrea- 
tions and Essays, revised by Coxeter, рр. 89-91, 


ХІ = BỌ, and drop the рег-: 
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cut up, each into six congruent pieces, but different in the two 
cases (Fig. 13). The original hexagon together with these twelve 
pieces can be reassembled to form a hexagon of side V3 times 
that of the original ones. 

Dissections of an area into four areas, congruent to one 


+ 


Fic. 12. 
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another and similar to the original, but with half its linear 
dimensions, are numerous.T 
These provide elegant verifications of the law which states 
that the areas of similar figures are in the ratio of the squares 
of corresponding linear dimensions. 
t See, for example, Math. Gazette, 24 (1940), 209. 
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2.2. THE CIRCLE 


Practical models of the circle are of such everyday occurrence 
that there is no need to construct any special ones, In particular, 
thevalueofz canbe calculated by measuring thelength ofa thread 
wound round a can, or the distance described by a bicycle wheel 


i 
D 


z | 


Bolt with 
— lock-nuts 


‘Metal plate soldered 
to strips АР, ОР 


Fic. 14. 


in a definite number of revolutions, Alternatively, knowing the 
value of z, the accuracy of the usual revolution-counter type 
of cyclometer can be tested. On the old 28-inch wheel, a speed 
of 5 m.p.h. gives almost exactly one tick per second; the modern 
26-inch wheel gives slightly more. 
. It is possible to set up most of the geometrical theorems 
relating to the circle by means of a board on which a circle is 
painted, with tacks or gimp-pins driven in at intervals round 
its circumference. Extra pins are provided at the centre and 
along tangents and secants; straight lines are made by looping 
elastic thread over the pins, This apparatus is widely used in 
America under the name of *theorem-board', 

À set square between two pins will demonstrate the constant 
angle property, but Fig. 14 illustrates a more ambitious device 
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which also shows the alternate segment property and the ex- 
terior angle of a cyclic quadrilateral; it is well worth the 
trouble involved in construction. The circle ABC and the 
lines АВ, BC are painted on card which is then glued to a stout 
board. AP, OP, CP are movable rods, hinged at P and O and 
running in hinged guides at A and О. The rods are conveniently 
made of ‘Juneero’ strip and the guides can be made from the 


\ SCALE of TANGENTS 
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flat joining sleeves for brass curtain rod. In order to enable 
the point P to pass through C (at which point the alternate 
segment theorem is shown) into the position indicated by dotted 
lines, the guide at C must have free travel down the whole rod 
CPQ. One way in which this can be arranged is shown. 


2.3. CIRCULAR FUNCTIONS 


There are several ways of showing the meaning of the three 
simple trigonometric functions. The easiest is probably the 
tangent, which comes first in many courses of study. A simple 
device can be made which shows the value of the ratio and the 
reason for its name (Fig. 15). Construct a circle divided into 
degrees, and a long strip hinged at the centre. With the radius 
as unit, mark off a uniform scale, positively and negatively, 
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along the tangent at the zero of angles. The tangent of the 
angle to which the strip is turned can be read off from this scale, 
Ifa similar scale is marked on the rotating strip, the secant can 
be read off at the same time. 

The sine and cosine take a little more trouble to demonstrate, 


One method involves the use of the angle in a semicircle (Fig. 
16) A circular disk is pivoted about a point on its circum- 
ference so that it moves within a circle of twice its size. The 
sine and cosine can then be read off from the intersections of 
its rim with two perpendicular diameters of the fixed circle. 
An instrument of this kind, enlivened with inscriptions such as 
"The angle in a semicircle can't be wrong’, was on view at the 
Mathematical Association's Visual Aids Exhibition in 1947. 
It makes the projections clearer, however, if the actual per- 
pendiculars can be seen. For this purpose the semicircle is 
replaced by a rotating arrow carrying at its point a pivot on 
which two cross-wires, soldered at right angles, are fixed (Fig. 
17). If a lead bob is attached to one of these and the whole is 


reasons for the sign co 


of angles of any magnitude; also they lead easily to the use of 
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coordinates and to the parametric form for the circle x = a cos 6, 
y = авіп 0. An instrument of this kind is shown in Plate 4a. 


[ 2.4. Тост AND ENVELOPES 

Though not strictly ‘models’, since few of them require any 
apparatus beyond the usual instruments, a set of well-drawn 
loci and envelopes adds greatly to the effectiveness of a mathe- 
matical exhibition. It will not therefore be out of place to 
include a short section on the subject. (It could of course be 
argued that any drawing is a ‘model’.) 

2.4.1. Simple loci. As examples of loci plotted pointwise 
by geometrical construction the following may be included: 


The circle of Apollonius И, 
3 1 M 
Bipolar lon The pee and hyperbola rer constant. 
Cassini's ovals rr’ = constant. 
Cartesian ovals (2.4.3) r--kr' = constant. 


The parabola, from the definition SRS РИ: 

The cardioid and limaçons, plotted by making PQ constant 
(positive or negative) on the variable secant OPQ (Fig. 18). 
The cardioid results when PQ = OA, the open limagon when 
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PQ > OA, and the limaçon with a node when PQ < OA, 
The cissoid, obtained by cutting off OX = PR ( Fig.19). 

The conchoids. These are 

Q the curves r= asec 9-6. 

They are obtained by draw- 

ing secants through О to 

meet a fixed line BA B' at В 


(see Fig. 20). If OA = а, 

and constant lengths 

RY = RZ =b 
() are cut off from the secant, 
the loci of У and Z together 
Fra. 18, form the conchoid. Different 


members of the family ob- 

tained by varying the value of b can be drawn in the same 

figure. For b — a the conchoid is the conchoid of Nicomedes, 
and has a cusp at О. If} > &, there is a loop. 

The limagons are obtained by a similar construction, replacing 

the line BAB’ by the circle on OA as diameter, The secant 


has a cusp and is the cardioid; when b — a, there is à loop. 
2.4.2. Loci using apparatus. A number of loci are most 


grooves—or, most simply, with a loop of thread enclosing the 
pencil point and two fixed 


(29) 
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Fie, 19. 


РА Pointer 


Fig. 21. 


30 MODELS IN PLANE GEOMETRY II 


latter method is as follows. Mount the pins on a board attached 
to a horizontal axle so that it can be rotated in a vertical plane. 
Replace the pencil point by an 
eye from which a bob hangs. 
As the board is rotated, the eye 
describes the ellipse (Fig. 22), 
If, in addition, a short horizontal 
tangent is attached to the eye, 
the law of equal angles is demon- 
strated and shown to be derivable 
from statical principles. 

Conics can also be drawn by 
Newton’s method, which depends 
on the properties of projective 
pencils. Two angles of constant 

Y, X magnitude are hinged at their 
vertices (Fig. 23). If one point 
of intersection is made to describe 
a line, the other will describe part 

j of a conic. The proof of this 

Fro. 23. depends on a basic result in 

projective geometry, but it is often useful to let coming events 

cast their shadows before, (To draw a complete curve requires 
trammels passing through the vertices of the angles.) 

A great many curves can be drawn with simple linkages. 
A full discussion of these is reserved for Chapter V, to which 
the reader is referred. 

2.4.3. The Cartesian ovals. These are the curves given 
by the bipolar equation r+-kr’ = constant. Each curve consists 
of а pair of ovals, one inside the other, but only one can be 
described with à positive value of 1. If Ё is rational with small 
numerator and denominator, the curve can be described with 
pins and thread. The curves have the interesting property of 
possessing a third focus; i.e. there are three points in a line such 
that the equation of the curye referred to any two of them is 
of the form rir’ = с, with different values of Ё and c accord- 
ing to which pair of foci is chosen, + 


1 See, e.g., В. C. Lyness, Math. Gazette, 36 (1952), 315, Note 2270. 
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Fig. 24 shows a convenient set of ratios for which all three 
foci may be shown. F, F, = 4 units, F, В = 1 unit. The equa- 
tion referred to ИВ is "4-4r = 10; referred to PF, it is 
t>+2r, = 4. (The equation connecting 7, and 7 is 7, —2r, = 2, 
and cannot be demonstrated with looped thread, since it in- 
volves a negative k.) The other two equations can be demon- 


Ета. 24. 


strated as in the figure. The threads are looped through rings 
at P, Q, and Е. With persuasion and, preferably, nylon thread, 
each ring will be found. to describe the same oval. 

Tt is possible to demonstrate all three equations with the aid 
of an axle mounted behind the board as shown in the diagram. 
The strings must be initially adjusted so that P is on the oval; 
the parts of the axle have diameters in the ratio 4:2:1, and the 
strings are wound in the sense indicated, so that 4 = — 41s, 
iy = —2%, f, = 2%, and Р describes the oval if the strings are 
maintained taut. 

Another possible set of equations is »-Е2% = 9, 1-33 = 16, 
2n—35 = 5 with ВЕ = 5, ВВ = 3. Here the axles must 
have diameters in the ratio 3:2:1. 
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A list of equations of miscellaneous loci is given at the end of 
this chapter. 

2.4.4. Envelopes. A well-drawn envelope is much more 
attractive than a locus. In addition it is usually much easier 


Ето, 25. Fic. 26. 


to draw, since comparatively few ruled lines yield a reasonable 
result. It is the more surprising that so little attention is usually 
paid to envelopes. Some of the more simple examples are 
illustrated here. 

The parabola is obtained as the negative pedal of a straight 
line; i.e. the envelope of PQ, where S and XY are fixed, P moves 
along XY, and the angle SPQ is a right angle (Figs. 25, 26). 

The ellipse and hyperbola are similarly obtained from the 
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Fra. 28. 


circle; the ellipse when 45 is inside, and the hyperbola when S 
is outside (Figs. 27, 28). (If S is on the circle the envelope is 
the diametrically opposite point.) 

5183 с 
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These envelopes can also be obtained Бу paper-folding (see 
2.7.3 below). 
The astroid, or four-cusped hypocycloid, is the envelope of 


Fria, 30. 


a line of constant length whose ends move on two perpendicular 
lines. In other words, it is the curve enveloped by the sliding 
ladder (Fig. 30). Since the instantaneous centre for the rod’s 
motion is at 1 (Fig. 29), the point of contact of the rod with 
its envelope is at №, the foot of the perpendicular from I to 
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the line. It is an interesting exercise to prove that the locus 
of N is the four-cusped hypocycloid formed by rolling the circle 


Fia. 31. THE DELTOID AS ENVELOPE OF SIMSON'S LINE. 
ABC is the triangle, N the nine-point centre, and H the orthocentre. 
The altitudes are the pedal lines of the vertices and the sides those of 
the diametrically opposite points. In addition to these six lines, and 
the three pedal lines of the points where the altitudes meet the cireum- 
circle, the tangents to the deltoid from points at intervals of 30° on 
the circumference of the nine-point circle are shown in the figure. 


IKN on the inside of the circle with centre O and radius 
OI = ІМ. 

The deltoid, or three-cusped hypocycloid, occurs as the 
envelope of the pedal line of a variable point on the circum- 
circle of a triangle (Fig. 31). To obtain it by constructing these 
lines calls for careful drawing. It is simpler to use a construc 
tion which can be used for any epi- or hypo- cycloid. 
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Draw a circle, which will be the circumcircle for an epicycloid 
and the incircle for a hypocycloid. Divide it into a large number 
т of equal arcs, say 7 = 36, or, for a curve with several cusps, 
^ = 72. Number the points obtained from 0 upwards. An 
epicycloid with (k—1) cusps is obtained as the envelope of the 
chords joining 1 to k, 2 to 2k, 3 to ЗК, etc., the multiples being 
reduced modulo п. А hypocycloid with k+1 cusps is obtained 
by joining 1 to —k (again mod n), 2 to —2k, etc., and producing 


Fria. 32. 


the resulting secants. This will need more care in drawing and 
in the initial marking out. 

The nephroid can be drawn by this means as a two-cusped 
epicycloid. This is the familiar curve seen in the tea-cup on & 
sunny day, ie. the ‘caustic by reflection’ for rays of light 
reflected in a semicircular mirror, If such a mirror is available, 
it makes a very pretty pattern if a beam of light is passed 
through a set of parallel narrow slits—for example, a comb, or 
a glass plate on which thin strips of passe-partout have been 
gummed. Mount the mirror with its axis parallel to the rays 
so formed, and the caustic with its enveloping rays will be 
clearly seen on а shaded background. To show that it is indeed 


. + . С 
the epicycloid, notice (Fig. 32) that if AOP = 0, then 
ж ж ж 
OPN = OPL = OQL 
= }{т—0, 
AN ^A AN 
so that POL = QOL = 0 and 409 = 30. Thus the envelope 


is obtained by joining the points p, 3p in the above construc- 
tion. The actual caustic runs only from 0 = 0 to 0 = т, giving 
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half the nephroid, and is shown in Fig. 33, but the full curve is 
obtained by continuing from 0 = 7 to 2r. 

The cardioid is the epicycloid with one cusp; it can be obtained 
as an envelope by the above construction: as a locus as the 
conchoid of a circle—draw chords from a fixed point of the circle 
and extend them a distance equal to the diameter of the circle: 


Fig. 33. 


or it can be drawn by a linkage described in Chapter V. It is 
the reflection caustic of a circle when the source of light is on 
the circumference, as is easily shown. 

There are, finally, the projective envelopes obtained by join- 
ing points of homographic ranges; the simplest is the parabola 
obtained by joining points of congruent ranges, say (p, 0) to 
(0,k—p) for fixed k, the axes being not necessarily rectangular. 
Further, in the circle described above, the chords joining 0 to 
р and k to k— p, for fixed k and variable p, meet on a rect- 
angular hyperbola. This latter curve is more easily obtained 
as the envelope (and locus of mid-point) of the line joining 
(р,0) to (0, 2/р) on rectangular axes. 
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2.4.5. Circular envelopes. When the parabola is drawn, 
we construct the circles with centres on the curve and which 
pass through the vertex; they envelop the cissoid (Fig. 34). 
In a similar manner if we construct the circles with centres on 
the rectangular hyperbola and passing through its centre, the 
resulting envelope is the Lemmniscate of Bernoulli (Fig. 35); a 
result as unexpected as it is pleasing. 

In general the envelope of circles through a fixed point with 
centres on a given curve is a curve similar to the pedal of the 
given curve with respect to the given point. For example, if 
the given curve is a circle, the envelope will be a limagon, and 
in particular, if the point is on the circle, a cardioid. 

A further circular envelope worth drawing is the envelope 
of circles on parallel chords of a fixed circle as diameter; it is 
an ellipse with additional circles converging towards its foci, 
and in fact is the flattened plane form of the model discussed 
in 4.3.6. 


2.5. CURVE-STITCHING 

One very old method of expression work in mathematics, 
and one which affords a welcome change from ‘the tyranny of 
pencil and paper’, is that of curve-stitching. It seems to have 
originated in a book by Mrs. E. L. Somervell, entitled А Rhyth- 
mic Approach to Mathematics, and published in 1906. The idea 
has recently been revived, both in America and now in this 
country. Basically it consists of constructing straight-line 
envelopes by stitching with coloured threads through a pattern 
of holes pricked in cardboard. Small children and quite ad- 
vanced geometers can find in this work a satisfying form of 
expression. Beginners of course must have their patterns ready- 
made; but very little knowledge is required to enable pupils to 
construct their own. 

The simplest patterns are obtained by joining holes which 
are equally spaced on Straight lines or circles. In the case of 
two straight lines the resulting envelope is the parabola. More 
complicated curves result from the use of circles. 

The designs in Figs. 36 (а)-(с) are reproduced from Mrs. 


(39) . 


S 
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Somervell’s book; an endless variety of modifications can of 
course be made. The one rule which must invariably be fol- 
lowed is that on the reverse side of the card the thread is always 
taken to the adjacent hole on the pattern (as indicated in Fig. 
36 (a), by dotted lines); on the right side the thread goes across 
to the next unoccupied hole on the far side of the design. 
Once the fundamental idea of the method has been mastered, 
anyone interested can construct his own designs. Exact alge- 


(b) 


Fic. 36. 


braic curves will usually need unequal spacing of the holes and 
therefore more caleulation will be required to produce them; 
it is surprising, however, what a variety of beautiful figures can 
be executed which are based on the simple principle of equal 
spacing. 

The curve of pursuit is another possibility worked out by the 
originator of the method. This has the disadvantage that the 
holes for the stitches cannot be pricked beforehand, but it is 
in a way an advantage that the curve *grows' as the stitches 
are made with all the fascination of a new discovery. 

For example, suppose a dog chases a hare running on & 
circular track. An approximate curve of pursuit is stitched as 
follows (approximate because it is formed in finite steps instead 
of by a continuous process—a difference which introduces the 
idea of a limit). Suppose the dog is at A and the hare at B. 
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Stitch AB to represent the dog’s intention. With dividers set 
to a fixed length mark off AP, along the stitch, and with the 
same interval, or with a fixed multiple of it, mark off BB, 
along the circle. The next stitch returns on the underside to 
P, and goes from P, to B, (the dog’s new intention). Then 
РР, В, В. are marked off and the stitch returns to P, and 
then from P, to Ву, and so on. This is more difficult of execution 
than the parabola, but interesting curves are obtained. 


Ето. 37. 


2.6. RovLETTES AND INVOLUTES 

2.6.1. A roulette is the curve generated by a point which is 
carried- by a curve which rolls on a fixed curve. Particular 
examples follow. The locus of a point carried by a circle rolling 
on a straight line is a trochoid. If the point is inside the circle 
the trochoid has inflexions; if it is outside the circle, but rigidly 
attached to it, the trochoid has loops. This is the answer to 
the old catch-question, ‘Which parts of a train are moving in 
the opposite direction to the train as à whole?! In the particular 
case when the point is on the circumference of the rolling circle 
the roulette is a cycloid. When the circle rolls on the outside 
of another circle the corresponding curves are the epitrochoids 
and epicycloids; if it rolls on the inside, they are the hypo- 
trochoids and hypocycloids. Methods of drawing these curves 
as loci or envelopes have been discussed in 2.4. 

2.6.2. It is interesting to see that epicycloids and hypo- 
cycloids can be described as roulettes in two ways: in the case 
of the hypocycloid by rolling circles of radii b, (a—b) inside a 
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circle of radius а; and in the case of the epicycloid by rolling ` 
a circle of radius 0 on a circle of radius a, or by rolling a circle 
of radius (a+-b) so as to enclose 
the fixed circle of radius а. This 
is shown in Fig. 38. 

Suppose P is a point on the 
roulette, and let a be the radius of 
the fixed circle, centre O (drawn 
with a double line). The centre 
of the rolling circle is B and its 
radius b. Let I be the point of 
contact. Produce PI to Г’, and 
let ГО meet ТР, the tangent to 
the roulette, at 7” and the fixed 
circle at C. The circle on 777” as 
diameter passes through P, since 
I'PT' is a right angle (PII' is 
normal to the roulette), and 
touches the fixed circle at 7’. Also 
since IC is perpendicular to 11” 
and therefore parallel to PT", 
ITT'C is an isosceles trapezium 
and СТ’ = ІТ = 2b. Hence the 
radius of this third circle із (a+b) 
for the epicycloid and (a—b) for the hypocycloid. Thus; if B’ 
is the centre of the circle Г/РТ”, 


OB'=b= BP and В’Р =a+b= ОВ, 
so that OB’ PB is a parallelogram and ВР is parallel to 01. 
Finally, in the upper figure, 
arc I'P = (a--b)0 = a0--00 = arc I'I--arc IP 
= arc Г1--ате ГА = arc ГА; 


Fra. 38. 


and in the lower figure 
majorare ГР = (a—b)0 = а0-50 
= major are I’J—majorare IP 
= majorare ['/—агс ГА = arc ГА. 
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Hence in each case the roulette is also generated by the rolling 
of the circle centre B’ on the same fixed circle. 

A model to show this is difficult to make successfully on 
account of friction. In the case of the hypocycloid the fixed 
circle can be a circular inlay in a board, in which rotate two 
thin circular disks, hinged together at P. Their centres are 
pivoted on short links OB, OB’ which attach them to an axle 
at O. An elevation of the arrangement is shown in Fig. 39. 
The disks can be rimmed with felt to provide adequate grip. 

In the case of the epicycloid the small circle can be attached 


LK 
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as described in 2.4 (Fig. 21), with an endless thread surrounding 
it and the fixed wheel, but the large circle presents difficulty as, 
unless it is made solid, a link OB’ cannot be attached, but then 
the movement cannot be seen. The large wheel must either be. 
spoked, or better still, made of *Perspex which will allow the 
motion to be observed through it. 

If any epicycloid is rolled on a line, the centre of the fixed 
circle describes an ellipse. 1 

2.6.8. By a theorem in kinematics, any ‘trammel’ curve, or 
curve described by a linkage, is a roulette described by the 
carried point when the body-locus of the instantaneous centre 
of the carrier link rolls on its space-locus. For example, the 
path of any point of a rod whose ends slide on two fixed lines 
(a ‘trammel of Archimedes’) is an ellipse; the motion is that 
of a circle with the rod as diameter rolling on the inside of a 
fixed circle of twice the size. This matter will be taken up again 
in Chapter V. 

An interesting chain of roulettes is the following. Roll a 
straight line on a circle; any point of the line describes an 
involute of the circle, discussed in 9.6.4 below. Roll the involute, 
still attached to the circle, on a line; the centre of the circle 
describes a parabola. Roll the parabola on a line; the focus 
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describes a catenary (the curve formed by a hanging chain; see 
5.1.5). 

The roulettes described by the foci of the conics in general 
when rolled upon a line are the sections of the minimal surfaces 
known аз unduloids; see, for example, D'Arcy Thompson, On 


Fro. 40. Fia. 41. 


P 


Fig. 42. 


Growth and Form, p. 368, Fig. 104. These surfaces are special 
cases of the forms taken up by a soap film spanning the space 
between prescribed boundaries. The surface formed by rotat- 
ing the catenary itself is called the catenoid, and is the shape 
of a film stretched between two circular wires in parallel planes, 
with their centres on an axis normal to their planes. 

The general problem of finding the surface of least area 
spanning a given contour is known as Plateau’s problem, after 
the nineteenth-century physicist who studied it in detail. The 
theoretical solution is very complicated, but in practice an 
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approximation to any particular solution can be obtained by 
taking a wire frame in the shape of the contour and dipping 
it in a solution of soap mixed with glycerine. Many very 
beautiful surfaces can be obtained in this way, especially if 
the wire frame is in the form of a regular polyhedron or one 
of the knots described in 2.8 below, or even two linked circles. 

2.6.4. Involutes. If a string is attached to a point of a 
curve, lying along the tangent to the curve at that point, and 
is ‘wrapped up’ on to the curve, the locus of any point of the 
string is an involute of the given curve. It can be proved that 
the point of contact of the string at any instant is the centre 
of curvature of the involute at the corresponding point: the 
original curve is the evolute of the involute; i.e. the locus of its 
centres of curvature, or the envelope of its normals (see Fig. 40). 

Involutes can be drawn very easily by mechanical means. 
For example, we may draw the involute of a circle, one of the 
most important members of the class. A circle is drawn on a 
sheet of paper which is then placed on a wooden board or a 
cork base; and pins are driven in at regular and reasonably close 
intervals along its circumference. A thread is tied to one of 
the pins, and a pencil-point is placed in a loop at the other end 
of the thread (Fig. 41). As the thread is wound or unwound 
from the circle of pins the pencil traces out part of the involute. 
This curve is also the locus of a point of a straight edge which 
rolls on the circle—e.g. a point on a see-saw consisting of a 
straight plank on a cylindrical log. 

Alternatively the pencil-point can be replaced by a bob; and 
the whole board mounted as described in 2.4.2 (Fig. 22). This 
is a suitable treatment for any of the following involutes. 

One involute of a cycloid is an equal cycloid. In Fig. 42 the 
thread OP = arc OM, half the arch of the cycloid, or twice the 
diameter of the rolling circle. This fact was made use of by 
Huygens in designing the cycloidal pendulum, which has a 
period strictly independent of the amplitude. There are other 
more serious sources of error than this in the pendulum clock, 
and nowadays steps are taken instead to maintain a constant 
amplitude with a simpler suspension. 
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In general, the evolute of any epi- or hypo- cycloid is a similar 


curve rotated through an angle. In the case of the cardioid the | 


evolute is 4 the size; for the nephroid the factor is 4, for the 
deltoid 3, and for the astroid 2. 

The cardioid (Fig. 43) gives a particularly pleasing demonstra- 
tion. The same method can of course be used for the conics, 


Fic. 43. 


but only part of the curve can be drawn; one half of the ellipse, 
less than a quarter of the hyperbola, and part of one-half of the 
parabola (Fig. 44). In this case the evolute is a semi-cubical 
parabola, similar to y? = 2°. 
2.6.5. The Tractrix. This curve is ап involute of a сабепату, 
described by a point which is initially at the vertex of the 
_ curve. Fig. 45 shows the geometrical relationships involved. 
Ox is the directrix of the catenary y = c cosh тіс; PQ is the 
tangent at P, and PQ — are PC, so that Q is a point of the 
involute. The well-known equations for the catenary, s =ctany, 
y? = s*-Ec*, show that RQ is perpendicular to PQ and 
RO — 0 CÒ. 
Thus the locus of Q is the curve traced out by the end of a string 
of fixed length c, initially lying along OC, when the other end, 


(47) 


Fig, 44. 
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О, is moved along the line Ох. This is the origin of the name 
‘tractrix’, If a small flat weight is attached to the string the 
locus can be demonstrated by placing the weight on a flat board 
and dragging the other end slowly along the fixed line. 

The tractrix has the property that the surface of revolution 
formed by rotating it about the asymptote Ох has constant 
negative Gauss curvature, and for this reason is known as the 
pseudosphere. Triangles drawn on it have the sum of their 


angles less than 180°. It is one оҒ the models which have 
properties analogous to the ‘hyperbolic’ plane of Lobachewski. 

2.6.6. Involute gears. An important practical application 
of the involute of a circle is in the construction of gear-teeth. 
These were made at one time in the form of epi- and hypo- 
cycloids. Imagine two circles touching one another, concentric 
with the gear-wheels, with radii in the same ratio as the gear- 
ratio required. If a small circle rolls on the outside of one of 
these circles and on the inside of the other, two cycloids, one 
epi- and one hypo-, will be described by a point of the small 
circle, and these curves will remain in contact as the original 
circles roll on one another. For at any instant both eycloids 
pass through the same point P of the small circle which 
touches the large circles at their point of contact A; and each 
curve has PA as normal at this instant. The curves therefore 
slide upon one another. Thus we can construct the projecting 
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‘faces’ of the gear teeth as epicycloids provided we construct the 
indented ‘flanks’ on the other gear-wheel as the corresponding 
hypocycloids (see Fig. 46). 

This method of construction has the disadvantage that the 
distance between the centres of the gears must be exactly equal 
to that which was assumed in calculating the form of the teeth; 
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otherwise the velocity-ratio transmitted is not constant. Also 
the teeth are difficult to cut accurately, and they tend to wear 
unevenly. : 

To overcome these disadvantages the 
invented. Consider two circles concentric with the gear-wheels, 
with radii in the same ratio as the gear-ratio as before, but not 
now in contact. Draw their internal common tangents (see 
Fig. 47). 

Ifa string is passed round the circles and crossed over between 
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involute tooth was 
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them it will lie along these common tangents, and, provided 
it does not slip, a constant velocity-ratio will be transmitted 
no matter what the distance between the centres of the circles. 
The locus of any point of the part of the string which is moving 
along one of the tangents, considered relative to a plane carried 
by either rotating circle, is an involute of that circle. These two 
involutes remain in contact at the same point of the siring (a 
variable point of the tangent) as the circles rotate. Thus two 
gear-teeth, one on each circle, whose faces are these two in- 
volutes, will remain in contact and transmit a constant velocity 
ratio. The complete teeth can now be constructed as in the 
diagram. (The teeth need not come to a point, nor need opposite 
faces meet in cusps on the circumference, but the diagram has 
been so drawn for simplicity.) 

To make a model, cut flat disks of diameter equal to the 
overall diameter of the toothed wheel required. Choose a simple 
gear-ratio and plot out carefully the points and cusps of the 
teeth on each disk. Plywood is a suitable material as the teeth 
are easily cut with a fret-saw. The teeth can be marked out 
with a template before cutting. To plot the involute for this 
purpose it is sufficient to use the compass, taking successive 
centres along the circumference and increasing the radius by 
small steps. 

Mount the plywood disks on solid wooden pulley wheels, | 
grooved to take a cord, the diameters of the grooves being 
exactly those of the base circles of the involutes. Fit the gears 
together so that they revolve easily without backlash and bolt 
them to a base-board. A handle can be provided in one of the 
disks. Care should be taken to cut sufficient teeth to ensure 
a constant drive; the diagram is on the border line in this 
respect. The model demonstrates clearly the constant velocity- 
ratio, as the cord does not slip. 

Tf desired, a model of cycloidal gears can be made similarly, 
but the teeth are not easy to cut accurately; a good reason for | 
the supersession of this type of tooth. Rack-and-pinion teeth 
can be constructed in a similar way; the faces and flanks in | 
the case of the rack-teeth will now be ordinary cycloids. 
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2.7, PAPER-FOLDING 


This is another method which has possibilities which have 
been more fully explored in America (see the article by R. C. 
Yates in The 18th Yearbook of the National Council of Teachers 
of Mathematics, p. 154; also Geometrical Exercises in Paper 
Folding by T. Sundara Row). 

2.7.1. Triangle. If a triangle is cut out of paper, it is easy 
by suitable folding to obtain as creases 

(a) the perpendicular bisectors of the sides (vertex on ver- 

tex); 

(b) the altitudes; 

(c) the angle-bisectors (side on side); 

(d) the medians, after (a) has been done. 

The concurrence of each of these four sets of creases can be 
demonstrated in this way. 

2.7.2. Another use of paper-folding has been mentioned in 
2.1.2 above. 

2.7.3. Conics. These can be described as envelopes of creases 
if a circle is drawn on the paper. Tracing paper, or thin wax- 
paper (jam-pot covers) should be used. To obtain the ellipse, 
mark a point P inside the circle, and fold so that P falls on the 
circumference of the circle. The envelope of the creases so 
obtained will be an ellipse with one focus at P. 

To obtain the hyperbola, P must be taken outside the circle. 

If P lies on the circle, the result is not a parabola, but a 
single point, the centre of the circle. To obtain the parabola 
a line Z and a point P outside it must be marked. The paper 
is then folded so as to bring P on J; the creases formed will 
envelop a parabola with P as focus and / as directrix. 

2.7.4. Polygonal knots. Ifa strip of paper is knotted once 
and carefully pressed flat the folds will form a regular pentagon 
(Fig. 48 (а)). All polygons with an odd number of sides may 
be produced in this way; the knot which produces the heptagon 
is shown in Fig. 48(0). The even-sided polygons require two 
Strips of equal width; a reef-knot leads to the hexagon, Fig. 
48 (с). То make the octagon, Fig. 48 (d), it is best to begin by 
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knotting and pressing one strip only, as in Fig. 48(e). The 
complete octagon consists of two such knots interlinked. 


(e) 


Ета. 48. Polygonal Knots. 


2.8. Kxors 
Mathematically speaking, a knot is à simple closed curve in 
three-dimensional space. Both in a plane and also in space of 
four dimensions all such curves can be deformed, without cross- 
ing themselves, into simple circles; but in three dimensions there 


\ 
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is the possibility of the curve forming a knot which cannot be 
so deformed. The study and classification of knots involves 
advanced analysis and mathematical difficulties of a high order. 
Even the simplest cases are by no means easily treated, and a 
few examples are given here. Models are easily made of string, 
or better, of plastic tubing which can be joined by pushing the 


Fro. 49 (0). 


ends over match-sticks or old gramophone needles, without 
unsightly knots. 

The ‘simplest knots are the two *elover' knots, forming an 
‘enantiomorphic’ pair (Fig. 49 (2)); i.e. each is the mirror-image 
of the other. It is no mean task to prove by abstract methods 
that one cannot be deformed into the other, but a little mani- 
pulation will readily convince anyone that this deformation is 
impossible. 

The next simplest is the knot with four crossings shown in 
Fig. 49 (b). This is ‘amphicheiral’, i.e. it can be deformed into 
its mirror-image, unlike the two clover-knots. (Amphicheiral 
— fitting either hand; socks are amphicheiral, but shoes and 
gloves are not.) There are two kinds of knot with five crossings 
(alternately over and under); after that the number rises rapidly. 
Some of the difficulties of the subject are illustrated by the 
linked loops in Fig. 49 (c). Each loop by itself can be deformed 
into an open circle—it is not knotted. The loops do not enclose 
one another like links of a chain, yet they cannot be disentangled. 
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It may not be immediately obvious without a model that the 
configuration is symmetrical in the two loops. The reader may or 
may not be edified to learn that the locking of these two curves 
is expressed analytically in its simplest form by the relation 


«у Уулу ууу шу шу = 1, 


Ето. 49 (с). 


Ето. 49 (d). 


Where z, y are the operations of threading, in a fixed sense, each 
of the two loops. The linkage has assumed considerable im- 
portance in some recondite theorems of topology. 

The three rings shown іп Fig. 49 (d) are such that по twò are 
linked together but all three are; cutting any one frees the other 
two. They derive their name ‘Borromean’ from the fact of their. 
forming the arms of the Italian family of Borromeo; they ате 
also the trade-mark of ай American liquor manufacturer, in 
whose gaily-coloured advertisements they appear. 
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2.9. PLANE TESSELLATIONS 


A convenient link between plane diagrams and solid con- 
figurations is provided by the study of plane tessellations. 
They form a suitable introduction to the polyhedra and their 


Его. 50. 


nets considered in the next chapter. In fact a plane tessellation 
is the special case of an infinite polyhedron. 

2.9.1. The three regular tessellations. A regular tessel- 
lation is a pattern of congruent regular polygons, all of one 
kind, filling the whole plane. 

It is evident, by considering angles at à point, that only. 
Squares, equilateral triangles, and hexagons are admissible, and 
these do in fact give three regular tessellations. The pattern 
of squares is familiar enough; the chess-board and a sheet of 
squared paper are obvious examples. The hexagons can be 
seen in the honeycomb, in patchwork cushions, and in wire- 
netting. The triangles are rather less frequently met with: many 
orchards are planted in this pattern (Fig. 50). 
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2.9.2. The semi-regular tessellations. Although many 
designs can be based on the three regular patterns, in themselves 
they are not of great interest, except perhaps as an introduction 
to the five regular polyhedra. The scope and interest of these 
patterns is enormously increased if we consider the so-called 
semi-regular tessellations now to be described. These corre- 


346 


Fia. 52. 


spond in the plane to the semi-regular Archimedean solids in 
space which we shall describe in the next chapter. 

It is convenient to anticipate the notation there used for 
these solids, which is equally applicable to the plane tessella- 
tions. This is the modified Schläfli symbol. A facially-regular 
solid or tessellation is a set of regular polygons of two or more 
kinds so arranged that every vertex is congruent to every other 
vertex. The whole figure is then completely specified by giving 
the polygons occurring at any vertex in the order in which they 
are found. This information is abbreviated in a single symbol: 
thus 34.5 means that at every vertex there are four contiguous 
equilateral triangles and one regular pentagon (this is ап 
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Archimedean solid, the snub dodecahedron). 3*.6 means four 
triangles and one hexagon at each vertex—a plane tessella- 
tion. 3.4.6.4 would be distinct from 3.6.4? as shown in Fig. 
51. Of these, 3.4.6.4 extends to a complete tessellation; 3.6.42 
does not. 

It can be shown that there are eight semi-regular plane 


33.42, 


3.6.3.6. 
Fra. 53. 


tessellations, and no more. Their symbols are 33.42, 32.4.3.4, 
3.6.3.6, 36, 3.122, 4.8%, 4.6.12, 3.4.6.4. (The regular tes- 
sellations in this notation are 3°, 63, 4%.) One of these, 94.6, 
has two forms which are mirror-images of one another (enantio- 
morphic); all the others are symmetrical. These forms cannot 
be brought into congruence without turning the plane over 
(Fig. 52). 

When the tessellations are drawn they can be coloured or 
used as the basis of various designs. The manufacturers of 
linoleum appear to be familiar only with 3.6.3.6 and 4.85 
there ought to be a future awaiting a designer who bases his 
patterns on 34.6 or 32.4.3.4. Interesting colour schemes can 
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be devised for all the tessellations, and suitable schemes help 
very much in bringing out the essential geometry of the pat- 
tern. For example, it will be found that 34.6 is really 3. 3.32.6, 
since one set of triangles has no side in common with a hexagon 


4.82 3.122, 
4.6.12. 3.4.6.4, 
Fig, 54. 


and is differently related to the pattern from the other triangles. 

ТЕ this set (which forms a triangular pattern 39 on its own) is | 

coloured differently, the meaning of the pattern is clarified. 
Diagrams of all the tessellations are shown in Figs. 50-54. 


2.10. -CURVES As LIMITS оғ POLYGONAL SEQUENCES 
There are a number of curves of special interest which are 
defined as the limits of certain sequences of polygons, each 
figure being derived from the one before it in the sequence. 
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These curves were invented to illustrate definite properties; for 
example that of finite area combined with infinite length. We 
shall mention three and show in diagrams the early terms of 
the sequences, in the hope that the reader will appreciate the 


0, Cs 
Fig, 55. 


beauty of their patterns and will feel that for that reason, if for 
no other, they are worth drawing. 

2.10.1. The Von Koch ‘snowflake’ curve. Take an equi- 
lateral triangle Cy. Trisect each side, and replace the centre third 
of each by two sides of an equilateral triangle described on it 
outwards, thus obtaining C, (Fig. 55). Treat 0 in the same 
way, obtaining С», and so on. Von Koch's curve is C = limC,. 


n> 


The reader may verify that if ln А, are the length and area 


of Cp, A 
n llaa А. 
„= sx( ; Ay Age EE! 
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where а, A are the side and area of the original triangle C). 
Hence /, -> oo, A, — $A. Thus С has infinite length, finite area, 
and at no point possesses a tangent. 

2.10.2. The ‘anti-snowflake’ curve is obtained as the limit 
ofa similar sequence, the only difference beingthat theequilateral 
triangles are turned inwards instead of outwards, The first four 


€, €, 
C, с; 
Fra. 56. | 


terms are shown in Fig. 56. In this case 1, is the same 8$ | 
before, but | 


and thus 4, = 2A. The curve has double-points at a ‘Cantor- 
set’ of points on the radii OA, OB, OC of the original triangle 
formed by repeated trisection and rejection of the centre third. 

2.10.3. The Sierpinski curve. This curve has the remarkable 
property that it contains every interior point of a square, yet it 
is unicursal and its area is less than half that of the square. 
We begin with a square divided into sixteen smaller squares. 
The vertices of C, are all mid-points of the edges of these 
Squares, as shown in the diagram, Fig. 57. Divide the original 
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square into four; in each corner construct a Cy on half the scale, 
and unite them as shown in the centre, obtaining С. The 
diagram indicates sufficiently clearly how the process is repeated 


to obtain О, C,,.... Sierpinski's curve С = lim C,, as before. 
т->9 


с, Cs 
Fra. 57. 


If ais the side of the original square, the reader may verify that 


a 1 
% шш г +2) bn == шаға — 5} 
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It is also possible to carry out the sequence if C, consists of 
four squares on alternate sides of a regular octagon; in this 
case each polygon is a chain of sides of the Archimedean plane 
tessellation 4.8? (see 2.9.2): 


А = 8а(У2--1); 1,22 


ni 


a? fc аУ2-11 
Ay E z (5—3v2); A, == А-а? = 2. дп} 
2 
АЕ 3 (7—449). 
E 
x 
с А D с 
Ето. 58. Ета. 59. 


2.11. GOLDEN SECTION 
i This is of frequent occurrence in the various pentagonal poly- 
hedra, and also has an interest of its own, so that there need be no 
excuse for introducing it here, 
A line is said to be divided in golden section if the ratio of 
the whole line to the larger part is equal to the ratio of the 
larger to the smaller part. If this ratio is т, we have 7? = t+h 


so that 4541 
2 
The connexion between this ratio and the pentagon can he 
seen as follows. Consider a triangle АВО with angles 72°, 72^ 
and 36°. Bisect one base-angle B, so forming two further 
triangles BOD, ABD, both isosceles. 


т = 


= 1:6180. 


Then AD = BD — BC, and from the similar triangles BDC, | 


ABC 
Ар ВО АС АС. 


DODO” RO AD’ 
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so that AC is divided at D in golden section. Thus if D can 
be found, ADBC can be constructed by making 

DB = 0B = DA, | 
and hence the angle of 72° and the regular pentagon сап be 
constructed. 


The geometrical construction for golden section is shown in 
Fig. 59, in which 


ЕХ = ЕС = 440. 


It is easy to show that 
AD 


— =T. 


DC 


Tf a rectangle is drawn with its sides in the ratio 7:1, it has 
the property that the removal of a square from one end of the 
rectangle leaves a similar rectangle, turned through a right 
angle. If this process is continued a nest of squares is formed 
converging on a point О, which is the pole of an equiangular 
spiral which passes through А, F, 6, H,..., the successive points 
of division (see Fig. 60). The angle of the spiral can be shown 
to be the root of the equation exp(}7cot¢) = т, i.e. 73° very 
nearly, This figure is well worth constructing. If an attempt 
is made to draw it by measurement of the ratios, it will be 
found that errors are cumulative and the rectangles rapidly 
depart from the correct shape. This can be avoided by noting 
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that the successive points of subdivision lie on the diagonals 
BD, СЕ, and the pole O of the spiral is where these two lines 
intersect. The points of subdivision form an excellent example 
of a geometrical sequence with a limit-point. The circular 
quadrants form a close approximation to the true spiral, which 
almost touches the sides of the rectangles, since 


OFC = tan-!7? = 76° 43’, 

The lines OA, OB, OF, OC, OG, OD, ete., are at angles of 45°. 
The Greeks considered the rectangle of this shape to have the 
most beautiful proportions, and some of their temples are built 
on this plan, The spiral of this angle ¢ has been held to occur 
as a basis of many great paintings. It occurs also naturally in 
snail-shells and flower-heads, and in other places. See D’Arey 
Thompson, On Growth and Form, chaps. xi and xiv. 

To judge from the figures and statements in some of the 
literature, it has often been supposed that this spiral does in 
fact touch the sides at A, F, G, Н, etc.t But this is not 80, 
and such a spiral is impossible. The condition for two perpen- 
dicular tangents to be equal is 


ехр(фт cot 4) = tan(1s —4) 
for which the only solution is $ = 47, ie. a circle. There 198 
spiral which is its own evolute, for which d is the root of 
ехр(фт cot d) = tan $, 

or approximately 74° 39’, only slightly different from the one 
under consideration. One might hazard the guess that this is 
the real property responsible for any supposed aesthetic ex 
cellence of a spiral of about this angle: that the tangent, along 
which the eye tends to travel, strikes the next coil of the spiral 
normally and gives a feeling of balance to the whole. 


2.12. Some MiscerrANEOUS CURVES AND FIGURES 
We conclude this chapter with a list of curves and geometrical 
configurations which are suitable for inclusion in a permanent 
collection or for exhibition on public occasions. 


d But compare tho footnote to Fig. 360, p. 764, in D'Arey Thompson, 0P: 
cit, 
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2.12.1. Algebraic curves. Many of these can be plotted 
point by point by solving quadratic equations only, on substi- 


tuting у = pz, or y? = 2. 
Of course, more advanced methods will "no give a rough 
picture of the curve more quickly. 


Famous or interesting cubics 
a3--y* = 3axy folium of Descartes 
у = a3[(z?--a?) witch of Agnesi 
жу = 23--аЗ trident 
x(x? +y?) = ау? cissoid 


yNa—z) = a*(x--a) strophoid 
ye = 22—13 


Interesting quartics 


(7) 


ay? = 24-2 ‘policeman on 
point-duty* 
at = 02—02 lemniscate 
ay(z?—y?) = a2+y? Maltese cross 
у%—х*% = =] swastika 
y?(y2—96) = aa? —100) electric motor 
12a? = y3(4—y) peg-top 


atty! = а?у 
(a2+-2ay—a?)? = yNa*—x?) cocked hat 
(2-1); = y2(3-+-2y) knot 
atty! = Lacy? bifoliate 
айра уі = a(a2+y*) bean 
А-а-а = a(a—y?) trefoil 
(w2+-y2—32)? = 42°(2—a) links 
(y&—a?)(— 1)22—3) 

А 2%)? ampersand 
(азии 

= 0 bicuspidal 


(3--1)% 
-уйу-1)0-2)у--9) stirrup 
a4 = xy—y* bow 


E 


For plotting 
substitute 

у = ра 

values for x 
values for 2 
values for т 
values for 2 
values for x 


values for 2 
values for 2 


y = pz 
у= рх 
yz 
values for y 
У = px 


values for 2 
values for у 


UNS 
y =z 
4-2 


values for a 
у= 2 
values for 2 


values for y 
y = pt 
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Higher degree curves For plotting substitute 
(24) y! = 21—58 dumb-bell values for s 
(25) у? = ay+ys keratoid cusp values forz 
(26) y? = аа values for a 
(27) a? = a8. ys butterfly values for ¢ 
(28) a5+y5 = 272 Say + 2y? у = px 


Families of curves 
0° = 2(02—3) рс | for values —2, 0, 2, 4, 6 of c. 


Confocal conics 
zi y? 
ар = 1. 
Repeating patterns obtained from algebraic curves by re 


placing x and у by trigonometric functions of z and y. For 
example, from the folium 25-13 = Заху, trace for different 
values of a 

Sin*z-L-sin?y = 3a sing sin Y, 

sin*z-L-tan?*y = 3asinx tan Y, 

tan*z--tan*y = 3a tan x tan 7. 
(The patterns are given in Frost’s Curve Tracing, Plate ХУ, 
Fig. 4, and Plate XVI, Figs. 1 and 2.) 

2.12.2. Polar curves. These are conveniently drawn on 

polar graph paper. They are arranged in inverse pairs (1-14); 
each pair can be conveniently drawn on one sheet; if a = 10 


cm., paper on which the largest circle is 30 cm. in diameter i$ 
suitable. 


(1) "-асов0 circle 

(2) r= asecó Straight line 

(3) 72 = a2cos 29 lemniscate of Bernoulli 
(4) 72 = a2sec 29 rectangular hyperbola 


(5) r= ja(1--cos 9)  eardioid 

(6) r= Ja/(1-L-cos 0) parabola 

(7) r=a( 1-- cos 0) limagon without loop 
(8) r= a/(1+ $ сов 9) ellipse, eccentricity 4 
(9) r= a(4+cos 9) limaçon with loop 
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(10) r= a[($--cos0) hyperbola, eccentricity 2 
(11) v = а0°/100 Archimedean spiral 
(12) т = 100a/6° reciprocal spiral 
(13) r? = а20°/100 parabolie spiral 
(1А) а= 100a2/6° lituus 
(15) r = веб ох equiangular spiral (say 
r = antilog 6°/1000) 
(16) r= acos n6 rose-curves (rhodoneae); petals if 


n is odd, 2n petals if n is even 
(17) The limaçon family r = a+b созд with variable b 
The family 7” = a" cos п0 for 


ъ= —2 rectangular hyperbola 
—1 straight line 
—4 C parabola 
+4 cardioid 
1 circle 
3,3, etc. intersecting loops 
2 lemniscate of Bernoulli. 


2.12.3. Bipolar loci. P is a variable point, R and S are 
fixed. PR = r, PS = s, RS = 2c. 
(1) r=As circle of Apollonius 
т=8 right bisector of RS 
(2) Луиз = k Cartesian ovals 
r+s= 9a ellipse 
r—s = 2a. hyperbola 
r—s = су? rectangular hyperbola 


(3) rs = k? Cassinian ovals 

з= lemniscate of Bernoulli 
(4) ч — — equipotential lines for charges A, wat Р, 8 
(5) cos PRS -cos PSR-— 2 lines of force for magnet with 


poles at R, 8. 
To draw the Cartesian ovals, first draw the lines А-ну = E 
The ovals are then obtained as the loci of intersections of circles 
with centres R and S, whose radii are the (ғ, y)- coordinates of 
points on these lines. 
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To draw the Cassinian ovals, draw a circle containing a chord 
of length 2k. Possible radii r, s are segments of chords through: 
the mid-point of this chord. 


2.12.4. Graphs of functions: 
(1) The standard error curve y = е-2?, 
(2) The sine curve, the curve of damped S.H.M. 
y = e-*"sin pr, 
and curves showing ‘beats’, 


y = sinmz--sinnz, m =n. 


(3 у= х= 
y = (14-2) 
= (14-1/z)e 


y7 = 27 (This involves difficult analysis. Do not for 
get the point (—2, —4). Are there others in 
this quadrant for у + x?) 
(4) The series of approximations to у = sinz obtained from 
the Maclaurin expansion | 


У = 1, r—Rk?, r—lrL5, ete. 
(5) The series of approximations to y = 4x obtained from | 
the Fourier expansion (—7 < z < z) 


y = війт, sinz—jsin2z, sin z—]sin2z--jsin3z, ete 
(6) The ‘pathological’ functions 


а 1 1 
= sin-, = sin- = a?sin-, 
y i y Eum, y = z'sin- 


on a large scale for х, say for 2 > |x| > E 

2.12.5. Configurations of interest: 

(1) Orthogonal families of coaxal circles. 

(2) The orthocentric quadrangle, with its nine-point circle, 
and the sixteen incircles and ecircles of the four triangles | 
touching it, | 

(3) Тһе complete quadrilateral, with the four circumcircles | 
of the triangles meeting іп the Wallace point, the line of 
orthocentres, the circle of cireumcentres, and the WO | 
families of. orthogonal coaxal circles. | 
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(4) The complete quadrangle, the four nine-point circles, the 
four pedal circles, and the circumcircle of the diagonal 
triangle, with their common point. ) 

(5) Some of the Pascal lines of a six-point оп a conic, and the 
Brianchon points of six tangents to a conic. 


III 
POLYHEDRA 
3.1. INTRODUCTION 1 | 
TuE most suitable, and in many ways the most Е 
subject for an experiment in the construction of eu | 
models is a set of polyhedra. The various types of poly к 
have exercised a great fascination over the minds of mathe: 
matieians of all ages, among them some of the greatest = | 
in mathematics. It has even been said that Euclid’s great к. | 
The Elements, was not intended so much to be a их | 
of geometry in general as to be an introduction to Е. a | 
regular solids known to the ancient world. It begins NL a | 
construction of the equilateral triangle and ends with the c | 
struction of the icosahedron. fit 
These five solids, the so-called Platonic solids, form the i 
and simplest group of polyhedra. They have regular m 
congruent, and their vertices are regular polyhedral "Ho a 
is to say, all the face-angles at every vertex and all the dihe " 
angles are equal. This can be expressed in another ма k 
saying that the ‘vertex-figure’ formed by the lines, d | 
the faces which meet at а particular vertex, which join E 
mid-points of the edges meeting at that vertex, is à EC 
polygon (Fig. 61). These requirements are not all necessary nm 
a definition of a regular solid, but they are all true of n 1 | 
our aim is descriptive rather than deductive, we shall not 8 
further into this question here. tot 
A slight extension of the idea of a regular polygon Б. ad 
tar-polygon', which has equal sides and angles, Ee E. 
convex, leads to the next group of four polyhedra, whic m 
associated with the names of Kepler and Poinsot; their fa 
or vertex figures are star-polygons, 
grams. The pentagram is shown in 
by joining alternate vertices of a r 
ducing the edges until they meet t 


4 


actually in all cases eh і 
Fig. 62; it is formed eit Е 
egular pentagon or by i 
he edges which are not t 


a — 
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immediate neighbours. Ina similar way the four Kepler-Poinsot 
polyhedra can be formed from the regular dodecahedron and 
icosahedron, either by drawing planes through non-adjacent ver- 
tices, for example, PQRST in Fig. 61, or by producing non- 
adjacent faces until they intersect. The first process is called 
faceting, the second, which is rather easier to visualize, stellating. 


Ета. 62. 


These four solids are also regular, and bring the total of regular 
solids up to nine. 

The next class of solids comprises those which have some of 
the properties of the regular solids, but not all. If we forgo the 
requirement that the vertex figures shall be regular, and that 
the faces shall be all of one kind, but retain the conditions that 
the faces shall all be regular and that the vertex figures shall 
all be congruent, we obtain the set of facially-regular, or Archi- 
medean solids, which contains two infinite groups, the prisms 
and antiprisms, and thirteen others. Correspondingly, if we 
interchange the conditions forgone and retained, we obtain the 
vertically-regular solids, or Archimedean duals, including the 
infinite families of dipyramids and trapezohedra, and thirteen 
others, among which are the rhombic dodecahedron and the 
thombic triacontahedron. 
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There are also stellated Archimedean solids analogous to the 
Kepler-Poinsot solids in the regular case of which we shall give 
a few examples only. 

Another interesting group of figures is the set of regular com- 
pounds, in which regular polyhedra having the same centre are 
combined to form solids of great symmetry and beauty. 

From the point of view of construction the easiest polyhedra 
to make are those whose faces are all equilateral triangles. For 
these the name 'deltahedra' is proposed. 

There are eight convex deltahedra, and an infinite number 
of non-convex ones, of which a few simpler examples are 
described. 

The chapter concludes with examples of polyhedra which can 
be stacked together to fill space—solid tessellations—and a few 

. miscellaneous models of interest. 


3.2. DUALITY 

A brief explanation must be given of this important principle 
as applied to polyhedra. In the cases in which we shall use it, 
it is equivalent to reciprocation with respect to a sphere. The 
polar of a point on a sphere with respect to that sphere is the 
tangent plane at the point; the point is the pole of the tangent 
plane. If the point is not on the sphere, but outside it, the 
polar plane passes through the points of contact of the tangents 
from the point. Conversely, the pole of a plane cutting a sphere 
is the point where the tangent planes at the points of section | 
are concurrent. If a point lies inside a sphere, or the plane does | 
not cut the sphere, their polar and pole can be obtained in real 
geometry from the reciprocal property that if P lies in the polar 
plane of 0, Q lies in the polar plane of P. Details will be 
familiar from the analogous two-dimensional case. 

In three dimensions the line occupies an intermediate posi- 
tion. If two planes meet in a line /, their poles are joined by the | 
polar line of 1, and conversely. Thus a duality is established 
between points and planes, lines and lines. Every polyhedron | 
can be reciprocated with respect to a sphere, each plane being 
replaced by its pole and each vertex by its polar plane, thereby 
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constructing another, dual or reciprocal, polyhedron with the 
numbers of faces and vertices interchanged. It can be shown 
that, for a sphere, polar lines are perpendicular, and, for a 
suitable choice of radius, they can be made to intersect. This 
is the most interesting position in which reciprocal polyhedra 
can be placed, with each edge of one intersecting at right angles 
(and usually also at the mid-point) the corresponding edge of 
the other. Some of the regular compounds are formed in this 
way. 


3.3. MATERIALS AND CONSTRUCTION 

3.3.1. Paper and cardboard. For complete beginners 
paper has the obvious advantage of cheapness, but it quickly 
gets dirty in use and is not easy to clean. In addition, a paper 
model is easily damaged and cannot be properly varnished or 
enamelled. Except for the very simplest polyhedra the folding 
of the nets without scoring is a difficult matter. Obviously, 
for any model which is to be at all permanent, cardboard will 
be used. 

The card should be white with a good surface, and fairly thin, 
about the thickness of a plain postcard. Thick cardboard makes 
ugly corners, and allowance ought to be made for its thickness 
in drawing the net. It is useful however to cut flat sheets of 
thick card for internal strengthening in some of the stellated 
and interpenetrating polyhedra. Cartridge paper is not satis- 
factory unless it is stout enough to score half through without 
cutting, and for small models the manilla of thin filing folders 
or exercise-book covers is better. This does not need enamelling, 
and can be obtained in different colours. Interpenetrating solids 
can be made by adding manilla vertices of one colour to a poly- 
hedron made of the other, for example, а model of the inter- 
linked icosahedron and dodecahedron has been made in this way. 

A knife or razor blade will be needed for cutting and scoring: 
preferably a Valet autostrop blade with a rigid back—wafer 
blades are dangerous and useless unless fixed in a special holder. 
It should be used with a steel rule—set-squares and rulers of 
wood or celluloid can quickly be cut to pieces! 


74 2 POLYHEDRA n 


3.3.2. Glass and'Perspex. These have the great advantage 
that they are transparent, and therefore an inscribed model can 
be clearly seen. Glass is awkward to cut accurately in polygonal 
shapes and almost impossible to cement except at right angles. 

“Perspex is easy to work and takes a high polish, but it is ex- 
pensive and scratches easily. A glass cube can be made out 
of lantern-slide cover glasses ground and cemented at the edges, 
open at the base, and standing on a wooden plinth. In this all 
the Archimedean solids derived from the cube and octahedron 
can be inscribed. For the solids derived from the dodecahedron 
and icosahedron an icosahedron can be constructed out of Per- 
spex, made in two separate halves hinged together. The same 
could be done with glass but it would be difficult to get the 
edges of the equilateral triangles to adhere without using ‘Scotch’ 
(cellophane) tape, or passe-partout. A group of such models is 
shown in Plate 3d. 

Ав Perspex’ is a comparatively new material, some hints on 
handling it may not be out of place. Thin 1” or 3,” sheet is the 
best for models. The plasticized variety can be moulded after 
heating in boiling water, but for polyhedra this is not necessary. 
The figures to be cut can be scratched on it with a hard 
point. It can be cut with a tenon-saw—a fine dovetail-saw 
is best—which must be kept well oiled as the dust clogs the 
teeth. A coping-saw can also be used, or best of all, a small 
hack-saw. It can be planed in narrow thicknesses only, but it 
blunts the tool, which must be kept very sharp and set very 
fine. It is also possible to file it or grind it with carborundum. 
The edges can easily be filed or planed down to any dihedral 
angle, which is a great advantage in making polyhedra. Cement- 
ing is easy by using the material itself dissolved in ethylene 
dichloride, carbon tetrachloride, acetone, or xylene. The manu- 
facturers also supply a cement of this nature, ‘Diakon No. 2. 

Great care must be taken to avoid scratching the material 
while working it. It should be clamped and protected between 
wood blocks as far as possible. Scratches which do occur can be 
rubbed out with jeweller’s rouge, or household scouring powder, 
and the surface polished up with a metal polish or plate powder. 
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А heated compass point makes holes for thread or rivets, and 
the burr can be cut off with a knife. It is preferable however 
to use a drill. 

3.3.3. Construction of cardboard models. The exterior 
perimeter of a net of a polyhedron which is all in one piece 
becomes a ‘tree’ of edges on the solid. This tree may be 
branched, but every edge is double and occurs twice on the 
perimeter of the net. It is evident that if these edges are num- 
bered consecutively round the net every even edge will be joined 
to an odd edge in the final solid. This means that tabs need 
only be attached to the even edges. In the nets which follow, tabs 
are not shown unless there is special need to do so. In all other 
cases the rule is: atiach tabs to alternate edges round the net. 

When the dimensions of the model have been decided on, the 
net can be constructed on the cardboard. In the case of а 
complicated net this is facilitated by pricking through vertices 
from a template drawn on tracing paper, put it must be done 
very accurately. Tabs are then added to alternate outside 
edges, care being taken to ensure that the angle at the shoulder 
of the tab is small enough to admit of the tab's being cemented 
to its appropriate face. The net can now be cut out with a razor- 
blade and the edges scored half-through for bending. (Where 
edges have to be scored on the back—in the stellated poly- 
hedra—this is indicated in the diagrams.) The face of the net 
becomes the outside of the polyhedron. 

For joining, a quick-drying cement, such as balsa-wood 
cement as used for model aircraft, is essential. After the cement 
has been applied to a tab, the edges to be joined are brought 
together, and the tab can be held down with a small wire paper- 
fastener while the cement dries. This is particularly useful in 
small models when the fingers cannot easily get inside, and near 
the finish of any model when there are geveral edges to be joined 
at once. A thin wire probe is sometimes useful in getting the 
last face to adhere. 

If it is desired to make 
circumradius, or to be inscribed in a glas 
the dimensions can be calculated from th 


a set of polyhedra with the same 
s cube or icosahedron, 
e data given for each 
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solid. It is important to remember that although the net is 
the outside of the polyhedron, its measurements give the inside 
measurements of the finished solid, because of the way the 
scored creases open at the folds. Allowance must therefore be 
made for the thickness of the card in calculating the necessary 
length of edge. i 


3.4. COLOURING POLYHEDRA 
The attraction of a set of solid models is greatly increased if 
they are suitably coloured. A good enamel is best; coloured 


3 


Fie, 63. 


dope is also suitable for the purpose. The Archimedean solids 
can be coloured so that all faces lying in planes of a circum- 
scribed cube are of one colour, those on the planes of а cir- 
cumscribed octahedron another, and similarly with the dodeca- 
hedron and icosahedron. The other planes in the rhombic 
polyhedra and the snubs require a third colour. 

The dodecahedron itself exhibits the simplest ‘regular’ map 
requiring four colours, which can be allocated to its faces in 
two distinct ways.t The icosahedron requires only three colours; 
if five are used, the five faces at every vertex can be coloured 
differently but opposite faces cannot then be coloured alike. 
This scheme is valuable for the great icosahedron. 

The stellated polyhedra can be coloured to correspond with 
their regular relatives, and this helps greatly to make their 
planes and structure readily appreciable, The interpenetrating 


1 See Rouse Ball, Mathematical Recreations and Essays, eleventh edition, 


pp. 227 ff. A ‘regular’ map is one in which there are never more than three 
edges mecting at a vertex, 
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compounds demand of course that the individual solids com- 
posing them should have all faces of each coloured alike, while 
each is differently coloured from its companions. The schemes 
for the dodecahedron and icosahedron are shown in Fig. 63 
on ‘distorted representations’. 


3.5. Тнк Five REGULAR PLATONIC POLYHEDRA 

In the following pages, which form a sort of ‘atlas’ of poly- 
hedra, there is given for each solid 

(1) its name and a symbol (to be explained): 

(2) a perspective drawing of the solid: 

(3) its ‘net’, ie. the figure produced if the solid were made 
of cardboard, cut along a chain of edges, and opened out 
flat: 

(4) some data about the ratios of its edge to the radii of the 
inscribed and circumscribed sphere, or to the edges of 
regular polyhedra in which it can be inscribed: 

(5) the dihedral angles between its faces: 

(6) one or more plans, or orthogonal projections of the solid; 

and 

(7) a table of the number of faces, vertices, and edges. 

The symbol used to indicate the polyhedra is à modification of 
that invented by Schläfli. He gave the number of sides in the 
(regular) face and in the (regular) vertex figure; thus the cube 
is {4,3}. This does not extend to the Archimedean solids, so 
that we prefer here to write (as an index) the number of faces 
of each kind at each vertex (cf. 2.7.2). The cube is therefore 
written 43, and a snub cube 34.4. 

Since each side of a regular polygon of p sides subtends an 
angle of 27/p at the centre, whereas the side of a pentagram sub- 
tends 47/5, it is convenient to call the pentagram {5/2}, and 
generally to denote by {p} a polygon whose sides subtend 27/p 
at its centre (p > 2). This is а regular convex polygon of р 
sides if p is integral, and а stellated polygon of n sides, enclosing 
the centre d times, if p is a fraction n/d in its lowest terms. 

For the Archimedean duals, the vertex figures are now 
regular, and of different kinds, while the faces are not. This 
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is denoted by prefixing V to the symbol, which now refers to 
the number and arrangement of vertex figures round each face. 
Thus the rhombic-dodecahedron, the dual of the cuboctahedron 


3.4.3.4 or (3.4)?, is У(3.4)?. 


The tetrahedron, cube, and octahedron occur naturally in 
the form of certain crystals; the skeletons of the radiolarians 
Circoporus octahedrus, Circogonia icosahedra, Circorrhegma do- 
decahedra have the form implied by their name (D'Arcy Thomp- 


son, On Growth and Form, p. 726, Fig. 340). 


3.5.1. Tetrahedron. 33. 


aN 


Fic. 64. Fra. 65. 
Edge 242 
Cirumradius ^ 43 — 1099. 
Inradius — 1 
Cireumradius 3’ 


Dihedral angle — 70? 32". 


PLANS: | 
(а) (b) 


Fic. 66. 
F У Е 
4 4 6 


Self-dual. 


REGULAR 
3.5.2, Cube. 4°. 
Net: 
Ета. 68. 
Bdge s 
Cireumradius v3 
Dads шр 
Cireumradius УЗ 
Dihedral angle = 90°. 
Puan: | 
Ето, 69. 
d > Dual of octahedron. 
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3.5.3. Octahedron. 34. 


Fia. 70. 


Fia. 71. 


Edge 


= V2 = 1:414. 
Circumradius 


Inradius 1 
Circumradius — 43 


E0577; 


Dihedral angle — 109? 28'. 


Puan: 


Fia. 72. 


Dual of cube. 


5 REGULAR 81 
3.5.4. Dodecahedron. 5° 


с 


Fic. 73. 
NET 
Fig, 74. 
Edge 5—1 
= = 0:714. 
Circumradius 43 
1 o 
„азба наа 
Cireumradius 43 
Dihedral angle = 116° 34' (= 180°—tan- 2). 
Edge 
= 0:898. 
Inradius 
PLAN: д) 
Fia. 75. 
| N Е Dual of Icosahedron. 
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3.5.5. Icosahedron. 35 


— 


K 


F16. 76. 
NET: 
Fic. 77. 
Edge Inradius : 
RUE esci pee Ex — 0-795. 
Cireumradius | = (2 8/5) = 1-001. Circumradius i 


Dihedral angle = 138° 11' (7—sin-1 2). Edge _ 1.323, 


Inradius 
PLAN VEG А 


NS 


Dual of dodecahedron. 


u————————— —— 


(83) 


3.6. Tun Керіжк-Ротхвот PoLYHEDRA 

These four beautiful solids were unknown to the ancient 
world and were not discovered until modern times. The two 
with star faces—the two stellated dodecahedra—were found by 
Kepler (1571-1630); the others with regular faces and star 
vertices—the great icosahedron and dodecahedron—by Poinsot 
(1777-1859). ‘They are technically speaking regular polyhedra, 
and with the five Platonic solids bring the total number of 
regular polyhedra up to nine, which are all shown in Plate 1 a. 
It can be proved that this exhausts the possibilities, apart from 
compounds. On account of their re-entrant angles, their con- 
struction is more difficult than that of ordinary convex poly- 
hedra, and care must be taken to ensure adequate rigidity. 
The solids are not deformable in theory, but in practice slight 
gaps at the corners and other inaccuracies lead to considerable 
distortion unless due précautions are taken. Means of doing 
this are suggested for the individual solids. 

They are peculiarly pleasing if suitably coloured and the 
planes of the faces can be clearly seen. One has the satisfaction 
of having constructed a polyhedron whose very existence was 
denied by at least one mathematician. (The small stellated and 
great dodecahedra do not satisfy Euler’s Theorem 


FAV = E42. 
in its usual form. For this reason it was supposed by Schläfli 
that they could not exist.) 
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(3)° 


3.6.1. Small stellated dodecahedron. 


Fie. 79. 


Dual of great dodecahedron. 


ү Е 
12 30 


Е 
12 


Pian: 


Fie. 80, 


6 KEPLER-POINSOT 85 


Construction of net. Each pentahedral pyramid can be 
formed from half of a plane decagon as shown (Fig. 81 а and b); 
twelve of these fitted together form the complete net. One way 
of fitting the vertices together is given below. 

Construction of solid. It is advisable not to use the com- 
plete net, but to build the solid up from pentahedral pyramids 


Ета. 81а 
pentahedral 
| 
+ (бар 
шіні 77 
ar 
dodecahedron 
Fio. 82 Fro. 810 


attached to an inscribed dodecahedron, and cement edge to 
edge. The edges that coincide with a dodecahedral edge must 
be provided each with a flap instead of alternately; these flaps 
can then be fastened to the dodecahedral faces (Fig. 82). 


Edge . — 9-- A5 = 4:236. 
Edge of inscribed dodecahedron 
= Edge 3 art 1.7013. шшш = Ы; = 0:447. 
Cireumradius — 5i Circumradius 5 


Dihedral angle = 116° 34’. 
(Re-entrant angle = 116° 34.) 
he sides of 


Comparing Fig. 62 with Fig. 58, it is evident that t : 
a pentagram are divided by the ‘false vertices’ in the ratio 


Tilim. 
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3.6.2. The great dodecahedron. 5! 


Fig. 83. 
Edge _ 3475 9.618 
Edge of inscribed dodecahedron 2 
Edge 2 
= = 1:0515. 
Cireumradius тірі oe 
Inradius 1 
Circumradius s5 ir da 
Dihedral angle = 63? 26’. 
(Re-entrant angle = 116° 34’.) 
Edge 
= 2/76 — 9.95 
Indi = 2% 54/7 = 2-351. 
PLAN: | Т 
Fia, 84. WV 
в У Е Dual of small stellated 


12 12 30 dodecahedron. 
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Construction of net. Since the face angles at each true 
star-pointed vertex add up to 360° (10x 36°), the net is parti- 
cularly simple; one form of it is given below. All solid lines 


are to be cut or scored on one side; the dotted lines are scored 
on the other side. 

Construction of solid. This net usually makes a rigid 
model without any additional strengthening, but the vertices 
where ten cuts meet tend to break. They can be covered with 
small paper circles, since the sum of the face angles at each 
vertex is 360°. 

Alternatively, three of the twelve pentagons can. be made 
solid, for example, those attached to the edges of one of the 
triangles. The indented trihedron can then be made to fit in 
this triangle; three five-pointed stars and а unit of four more 


indented trihedra complete the solid. 
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3.6.3, Great stellated dodecahedron. (§)° 


Fio, 86, 
F У Е 
р 30 Dual of great icosahedron. 
Prax: 


Рас. 87, 


KEPLER-POINSOT 89 
Construction of net. The solid consists of twenty triangular 
pyramids circumscribing an icosahedron, one on each face, 
Тһе net of a single pyramid is easily constructed as follows: 


Fio, 88, 


Construction of solid. The easiest way to build the solid 


is to make the pyramids hinged in pairs and to cement them 
to an icosahedron by means of base flaps as shown. 


UN 
Д 


Fio, 80, 


= a te 4:230, 
Edge of inscribed icosahedron 

. Edg 27. 1:868, 
Cireumradius v3 


= E farei 
C == 0/1876, 2 в 0,007. 
Яо (15-41-05) = e 
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3.6.4. The great icosahedron. 3! 


Fia. 90. 
Edge _ 7+8V5 _ 6.854 
Edge of inscribed icosahedron 2 
Edge 2 
= сез ПӘЛЕ 
Circumradius || (% Е 5 1 
ое 01876 
Oireumradius ^ ПО = р 
Dihedral angle = 41° 49’. (Re-entrant angles = 109° 28’.) 
1 m  N5—1 
пак = 2*9 = 9404. Ea оез. 
PLAN: 


Е У Е Dual of great stellated 
20 12 30 dodecahedron (i). 
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Construction of net. The figure shows the eighteen lines 
in which a face of the icosahedron is cut by eighteen other faces 
(excluding the face itself and the parallel plane). The sides of 


Wa 


4 


Fia. 92. 


the triangle are divided in golden section т:1:т. The inner 
solid triangle is the face of the inscribed icosahedron. The 
shaded portions are elements ofthe net which come together (from 
three different planes) at a concave false vertex; from them 
the net can be constructed. The three fit together as follows: 


Fro. 93. 


ое О ва 00 ta: 
5 = 15° 32". 


Five of these pieces fit together at each vertex of the solid; 
the whole solid is made of sixty of them. 

The arrangement at a vertex is shown on p. 
a sketch of one way of fitting the vertices together. 
many other ways. 


92 (Fig. 94), and 
There are 


III 
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back.] 


Fic. 94. I. NET or А SrwGLE Vertex. [Marked lines must be scored on the 


fitted together for eco 


drawn for simplicity instead of the ten-sided 


Fic. 95. II. Мет оғ Great ĪCOSAHEDRON. 
polygonal figures in Fig. I. The vertices are 


[The circular ares are 


nomy of cardboard.] 


Fig. 96. IIT. Jor or Nets or Two VERTICES IN П. 
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Construction of great icosahedron. This polyhedron is 
theoretically rigid, but in practice it will usually be found 
slightly deformable. Furthermore when so many edges, scored. 
alternately front and back, meet at each vertex, there is a ten- 
dency for the card to break away, notably at the re-entrant 
(false) vertices where there are many joins if the above net is 
used. Itis advisable therefore to strengthen the model in various 
ways. 

(1) Two parallel complete triangular faces can be inserted in 

the model while under construction. If they are cut away 
at the points of golden section of the edges, 


> 
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(2) ribs of cardboard can be cemented into some of the re- 
maining edges, thus keeping them straight. 

(3) Since the face angles in the icosahedral planes at each 
true vertex are 60°, equilateral triangles hinged in pairs 
can be inserted into the star-polyhedral angles from inside. 

In practice when all these devices are adopted as far as pos- 

sible the result is a strong, rigid, and presentable model. 

Alternatively, as in the great dodecahedron, the complete net 

need not be used, and certain of the triangles can be made solid 
and the other vertices fitted on. The whole group of five 
triangles meeting at one vertex can be made in one piece, and 
stiffened with two internal triangles and ribs to make à rigid 
foundation. Then the opposite vertex with its five surrounding 
indentations can be fitted in and made rigid, and finally the 
remaining vertices added one ab a time. Explicit instructions 
would be complicated and unnecessary, аз ап inspection of the 
drawing will give the necessary clue to the various methods far 
better than words. This has been found in practice to be one 
of the most difficult of all the solids here described to construct 
effectively. 
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3.7. Тнк ARCHIMEDEAN PoLYHEDRA 

The Archimedean, or semi-regular polyhedra, are what is 
called ‘facially’ regular. This means that every face is a regular 
polygon, though the faces are поё all of the same kind. Every 
vertex however is to be congruent to every other vertex, i.e. the 
faces must be arranged in the same order around each vertex. 

The regular prisms, which consist of two congruent regular 
polygons similarly placed in parallel planes, with corresponding 
vertices joined by edges, satisfy the definition of facially regular 
solids if the side faces are squares. The definition is also satis- 
fied by the series of regular prismoids or antiprisms. In these 
there are also two parallel plane faces which are congruent 
regular polygons, but one polygon is twisted so that each of 
its vertices is midway between two vertices of the other, to 
each of which it is joined. The side faces are thus triangles, 
and if they are equilateral the prismoid is facially regular. 

There is no limit to the number of members in each of these 
series, and they are not of particular interest. It can be proved 
(see, for example, Lines’s Solid Geometry) that apart from these 
there are only thirteen Archimedean solids, two of which occur 
in two forms. These two are the two ‘snubs’, and the two forms 
of each are related to one another like a left-hand and a right- 
hand glove: they are enantiomorphic. The set of thirteen is 
illustrated in Plate 2a. 

One of these solids, the truncated tetrahedron, can be in- 
seribed in a regular tetrahedron. The next six can be inscribed 
in either a cube or an octahedron, and the last six in either 
a dodecahedron or an icosahedron. The ‘truncated’ solids are 
80 called because each can be constructed by cutting off the 
corners of some other solid, but the truncated cuboctahedron 
and icosidodecahedron require a distortion in addition to con- 
MS t ышы into squares. So the better names for these two 
M E dn. and ‘Great Rhomb- 
birth a. A ex ч solids Weg and 3.4.5.4 can then 
к т tes The syllable Бош shows that one 
ad es | in the planes of the rhombic dodecahedron 

: triacontahedron respectively. All Archimedean 
solids are inscribable in a sphere. 
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3.7.1. Truncated tetrahedron. 3.6? 


2 ОВОЗЕ = S 0803: 
Circumradius 


Dihedral angles: 70° 327, 109? 28'. 


PLAN: a 
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3.7.2. Cuboctahedron. (3.4)? 


Fra. 101. 


Хет: x 


Fig. 102. 

Edge  — 1 Edge 
Cube edge ү ' Octahedral edge 
Edge bs 
Cireumradius | 


1 
= 
1. 


Dihedral angle = 125° 16’. 


PLAN: 


Fra. 103. 


PERE We ae 
5 6. 12 94 Dual of rhombic dodecahedron. 


5183 


ARCHIMEDEAN 91 


3.7.3. Truncated cube. 3:81 


Fio. 104. 


NET: 


Fia. 105. 


_ Edge _ y2—1 = 0-414. 
Cube edge 
__ Edge | 32-4 = 0243. 
Octahedral edge 


Edge ^ DUNS 

. Edge  — (4 (71—42) = 0 562. 

Cireumradius Gal ) 
Dihedral angles: 90°, 125° 16’. 


Puan: SE 


XX 
N / 


Ете. 106. 


ЕУ Е 
а 6 24 36 
G 
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3.7.4. Truncated octahedron. 4.6? 


12-2 


Ес. 107. 
Хет: 

Fic. 108. 
Г о. 
Octahedral edge 3 Cube edge 2/2 

Edge Y2 _ 0.6325. 


Circumradius А5 
Dihedral angles: 125° 16’, 109° 28’. 


(a) (5) 
Fic. 109. 


NOE VE 
65-5 947 36 


ARCHIMEDEAN 99 


3.7.5. (Small) rhombicuboctahedron. 3.4 


Ета. 110. 
NET: 
Fic. 111. 
Edge 
= (9-1 = 0414. 
Cube edge у. 
Е 2942-0920. 
Octahedral edge 3--У2 
Edge E 
- = {4 — 9429 = 0:715. 
Cireumradius {т (5 _ Ў 


Dihedral angles: 135°, 144° 44". 


Pans: 


Fic. 112. 


(a) 
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3.7.6. Great rhombicuboctahedron or truncated 
cuboctahedron. 4.6.8 


Fro. 113. 
NET: 
Fia. 114. 
Edge 2v2—1 
Cube edge 7 б vida 
Edge PAED 
Octahedral edge 3 БІР»; 
Едре 13--6У24 
Circumradius | 2 97 | = 0431. 


Dihedral angles: 135° (8—4), 125° 16’ (8-6), 144° 44’ (6—4). 
PLANS: 


Fro. 115. (a) 


ERR V Е 
12 8 6 48 72 


2 


(5) 
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3.7.7. Snub cube. 34.4 


Ра. 116 (dextro). 


Хет: | 


(laevo) Fra. 117. (dextro) 
Edge ‘ 
В” = 0:438 (fs approximately). 
Cube edge (15 very арр y 
ES Та 
Circumradius 


Octahedral edge 
Dihedral angles: 


PLAN: 
Fia. 118. 


E EVE 
32 6 24 60 


142° 59' (4-3), 153° 14’ (3-3). 


101 


102 | POLYHEDRA ш 


3.7.8. Icosidodecahedron. (3.5)? 


Fio. 119. 
NET: 
кто. 120. 
Edge AU 5-1 
zu о (S09, 
Dodecahedral edge шо; 4 
Edge is 
Icosahedraledge — ^ 
м Edge 45—1 - 0-618. 
Cireumradius 2 
Dihedral angle: 142987”. 
PLAN 
Fro. 121. 
ш УТЕ Dual of rhombic 


20 12 30 60 triacontahedron. 
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3.7.9. Truncated dodecahedron. 3.102 


Ета. 122. 
Мет: 
Fia. 123. 
Е 2.04. 
Dodecahedraledge Мб 
NER XN (s se eee озат, 
Icosahedral edge 22 Cireumradius 


Dihedralangles: 116° 34' (10-10), 142° 37’ (10-3). 


PLAN: 


Fie, 124. 


£ E YE 
99 12 60 90 
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3.7.10. Truncated icosahedron. 5.6? 


XC 


Fra. 126. 


Edge EN Edge 14-585 
Icosahedral edge 2 Dodecahedral edge 38 


Dihedralangles: 138° 11’ (6-6), 142? 37' (6—5). 


PLAN: Ed 
AES — 04035, 
ATN Circumradius D 


XY S М 


12 20 60 90 


0:478. 


С 
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1 
3.7.11. (Small) rhombicosidodecahedron. 3.4.5.4 


Ею. 129. 
! 
Е: UL UE 
Dodecahedral edge 6 
Edge __ 3451-1 _ 0.350: 


Tcosahedral edge 22 
Dihedral angles: 148? 17' (5-4), 159° 6’ (3-4). 
Edge PLAN: 
— EAN 48. 
Circumradius өт 


hE RV Е 


20 30 12 60 120 Fio. 130. 
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3.7.12. Great rhombicosidodecahedron or truncated 
icosidodecahedron. 4.6.10 


Fro. 131. 
басады, edge | E 0-324. 
SEAT edge с oa 0:206. 
с = 0-2629. 


Dihedral angles: 148° 17^ (10-4), 142° 37’ (10-6), 159° 6” (6-4). 


Fig, 132. 


ARCHIMEDEAN 
3.7.12. Truncated icosidodecahedron (cont.) 
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3.7.13. Snub dodecahedron. 345 


Edge 
Dodecahedral edge 


= 0:562. 


leosahedral edge Ж, à 
Edge 
Circumradius — 0404. 


Dihedral angles: 159° 56' (5-3), 164° 10’ (3-3). 


1 ARCHIMEDEAN 
3.7.13. Snub dodecahedron (cont.) 
Puan: 


REV Е 
80 12 60 150 
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3.8. DUAL SOLIDS 


By the Principle of Duality, every three-dimensional figure 
composed of points, lines, and planes has a figure dual to it 
whose planes correspond to the points of the original figure 
and vice versa. In the case of the regular and Archimedean 
polyhedra, which are all inscribable in a sphere, the simplest 
way to produce such a dual solid is to replace every vertex 
by the tangent plane to this sphere, thereby obtaining a poly- 
hedron with analogous ‘regular’ features. It is easily seen that 
the dual of a regular polyhedron formed in this way is itself 
regular; that of an Archimedean facially-regular solid is what 
is called ‘vertically-regular’, i.e. it has all its faces congruent 
and all its polyhedral angles regular (though of course not all 
identical). There is thus a vertically-regular solid correspond- 
ing to every Archimedean polyhedron. 

These solids are of considerable importance in the study of 
crystals, as a number of them are themselves crystal forms, or 
are ‘regularized’ versions of the crystal form. They are perhaps 
less attractive than the Archimedean solids, no doubt because 
the eye does not readily appreciate the regularity of the vertical 
angles, and is impressed only by the irregularity of the faces. 
Also their symmetry is less easily demonstrated by painting 
the faces in different colours. 

Two of these solids are here fully depicted, namely those 
with rhombic faces. These are the duals of the cuboctahedron 
and the icosidodecahedron and have twelve and thirty faces 
respectively. They are accordingly known as the rhombic 
dodecahedron and the rhombic triacontahedron. The diagonals 
of their faces are the edges of the cube and octahedron, the 
dodecahedron and icosahedron respectively. The correspond- 
ing ‘rhombic’ solid whose diagonals are two dually placed 
tetrahedra is the cube. 

Note that a cube can be divided into six square pyramids 
by joining its vertices to its centre; if these are placed outwards 
on the faces of another cube, the rhombic dodecahedron results. 

In the case of the remainder, a sketch of an element only of 
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the net is given, and a photograph of a set of models is shown 
in Plate 2b. Full data of all the Archimedean solids (except 
prisms and antiprisms) and their duals are given in Table II, 
and from this the reader can ‘construct the full nets and the 
solids without difficulty. 

The duals of the prisms and antiprisms are the Archimedean 
dipyramids and trapezohedra. Тһе dipyramid can be thought 
of as two ‘regular’ pyramids placed base to base, having a 
a central regular polygon of edges, and two additional poly- 
hedral vertices on opposite sides of it. If the four dihedral 
angles at a vertex on the central polygon are equal, the di- 
pyramid is Archimedean. The trapezohedron has a central zig- , 
zag of edges, and two additional polyhedral vertices. The edges 
arising from one of these vertices meet the central zigzag alter- 
nately with the edges arising from the other vertex, so that 
three edges meet at each central vertex. If the three dihedral 
angles so formed are equal, the trapezohedron is Archimedean. 
The faces are all ‘kites’, i.e. quadrilaterals with two pairs of 
adjacent equal sides. 

The face of any dual solid can be constructed by taking the 
vertex-figure of the original Archimedean solid (see р. 70). This 
figure has a circumscribing circle, which is now drawn. If the 
tangents to this circle are drawn at each vertex of the vertex- 
figure, they will form the face of the dual solid. (This method 
of construction is due to Mr. Dorman Luke.) 
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Name 


Triakis 
Tetrahedron 


Triakis 
Octahedron 


Tetrakis 
Hexahedron 


Trapezoidal 
Teositetrahedron 


Hexakis 
Octahedron 


Pentagonal 

Icositetrahedron 
(snub, two en- 
antiomorphs) 


POLYHEDRA 


TABLE І 


Nets of Archimedean Duals 


ш 


Number of | Net similar to 
Symbol Element of net | elements that of: 
V.3.6? = 4 Tetrahedron 
V.3.8* = 8 Octahedron 
V4.6 а 6 Cube 
V.3.48 8 Octahedron in 
two sets of 
four 
V.4.6.8 8 Octahedron in 
two sets of 
four 
У,3*.4 8 Octahedron in 
two sets of 
four 
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TABLE І (cont.) 
Number of | Net similar to 
Name Symbol Element of net elements that of: 

Triakis V.3.10? 20 Icosahedron 
Icosahedron 
Pentakis V.5.6? 12 Dodecahedron 
Dodecahedron 
Trapezoidal У.3.4.5.4 12 ” 
Hexecontahedron 
Hexakis У.4.6.10 12 " 
Icosahedron 
Pentagonal V.34.5 
Hexecontahedron 

(snub, two en- 

antiomorphs) 


5188 


POLYHEDRA Tit 
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3.8.1. Rhombic dodecahedron. V(3.4)* 


Fra. 137. 


(a) Net. (b) Single face. 


Edge N3 Edge АЗ 
SETA STRE = = = 0612. 
Cube edge , Octahedral edge — 242 


Edge 43 
аана B = 1225. 
Dihedral angle = 120°. Ratio of diagonals = 42:1. 


E ae T 
(a) (b) 


Ес. 139. 


Бу E 
12 14 24 
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3.82. Rhombic triacontahedron. V(3.5)? 


Fro. 141 (b). 
Ета. 140. Single face. 


EN АШ 
Dodecahedral edge 


ы 0-951. 


_ Әйке 
leosahedral edge Fra, 141 (а). Net. 
= (10+ 2v5) — 0:588 Edge n 10—25) = 0:727. 
2(У54-) — Tnradius 54-1 


Dihedral angle = 144°. 
Ratio of diagonals = V(5+1):2 = 1:618:1. 
y у E 


Fia. 142. 


116 POLYHEDRA III 


TABLE 
Data relating to the Archimedean 


The polyhedra are considered in the position in which 
these mid-points, e the edge of the Archimedean solid, 
polyhedron, т the radius of the inscribed sphere of the 

incircle of a face of 


Angle 
sub- 
tended 
Dihedral angles | by edge 

T— — | at centre 


е|к = 
Symbol | Archimedean polyhedron |2 sin 8/2) Faces Angles | 

3.6: | Truncated tetrahedron | 0:853 | 6-6 70° 32’ | 50° 28’ 
6-3 | 109° 28" 
8-8 90° 32° 39° 
8-3 | 125° 16 


3.8 | Truncated cube 0:562 


46 | Truncated octahedron | 06325 | 6-4 | 125°16, | 36° s 
6-6 | 109° 28’ 

(3.4) | Cuboctahedron 1 125°16' | 60° 

343 | Rhombicuboctahedron | 0715 | 4-4 135° | 41°53’ 
3-4 | 144? 44 

4.6.8 | Truncated cubocta- 0431 | 84 135° |24455 
hedron 8-6 | 125° 16° 
6-4 | 144° 44 

314 | Snub cube 0744 | 4-3 | 142° 59" | 43° 40" 
3-3 | 1535 14 

3.10? | Truncated 0337 | 10-10| 116° 34’ | 19° 24° 
dodecahedron 10-3 | 142° 37 


56% | Truncated icosahedron | 04035 | 6-6 | 138° 11, 23711 


6-5 | 142° 37 

(3.5? |Icosidodecahedron 0618 142° 37° 36° 

3.4.5.4 | Rhombicosidodeca- 0448 | 5-4 | 148° 17 | 25°52" 
hedron 3-4 | 159^ 6’ 

4.6.10 | Truncated 0263 | 10-4 | 148 17 | 1526 
icosidodecahedron 10-6 | 142° 37 
6-4 | 159° 6 

34.5 | Snub dodecahedron 0464 | 5-3 | 152° 56’ | 26°50" 
3-3 | 164° 10° 


II 


DUAL SOLIDS 


Polyhedra and their Duals 


the mid-points of t 
E that of the dual. Ris the radius of thi 
dual polyhedron. Rr = r2, since these spheres are ге 


the dual polyhedron. 


heir edges coincid 
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e. r, is the radius of the sphere through 
circumscribed sphere of the Archimedean 
ciprocal. ту is the radius of the 


Dihedral Face angles = 
angle Riresr= 
Dual polyhedron т-9 Фа фь фе Er tan 6/2 |sect6[2 : sec 0/2 : 1 
Triakis tetrahedron 129° 32’ | 112° 53' | 33° 332’ -- ОРА 0-4714 | 1:2222 : 11055 : 1 
Triakis octahedron 147° 21' | 117° 14 | 31° 237 -- л? 0:2929 | 1:0858 : 1-0417:1 
i 
2:083 
Tetrakis hexahedron | 143° 8” 83°37’ | 48° 114’ — 3,3,4X 0:3333 | 171111 : 10541 : 1 
0:3727 
Rhombic dodeca- 120° 109° 28’ | 70° 32 — 1:225 0:5774 | 1:3333 : 11547 : 1 
hedron 2 
Trapezoidal 138° 7’ 115° 16’ | 81° 348’ — 0:686 (3-4) | 03827 1:1464 : 1:0707 :1 
icositetrahedro. 1 0-887 (4-4) 
Hexakis octahed.on | 155° 5" 87° 127 | 5541 37° 461' AU 0:2211 | 10488 : 10241 : 1 
0:656 
Pentagonal 136° 20’ | 114° 481" | 80° 46" — | 072768-4) | 0-4006 | 1:1602 : 10773 : 1 
icositetrahedron 0:513 (3-3) 
Triakis icosahedron | 160° 36° | 119*3' | 30°28#' | — one 0:1530 | 10302 : 1:0148 : 1 
1:254 
Pentakis 156° 43' | 68°36' | 55° 42’ = 0692. | 02060 | 1:0425 : 1:0210 :1 
dodecahedron 0:692 
0:780 
Rhombic 144° | 116° 34’ | 63° 26 = 0727 | 03365 | 11056 : 10515 :1 
triacontahedron 
Trapezoidal 154° 8” 18°16’ | 86°59’ 67° 46’ | 0379 (3-4) 0:2296 | 1:0530:1:0260:1 
hexecontahedron E MES 0:584 (4-5) 
Hexakis icosahedron | 164° 54 | 89'0' | 58°14’ 32° 46 R 0:1325 | 10174 : 1:0087 : 1 
0:373 
Pentagonal 810 arn °28' e 0:286 (3-3) | 02385 1:0574 : 10281 : 1 
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* 3,9. STELLATED ARCHIMEDEAN POLYHEDRA 


Just as the elass of regular solids can be extended to include 
the Kepler-Poinsot polyhedra, so the class of Archimedeans 
can be extended to include stellated Archimedean figures with 
star-faces or star-yertices, or both. This is a large class, and 
its size depends бп the precise restrictions made. For example, 
some ‘polyhedra’ have planes which pass through the centre 
of symmetry, both sides of which appear on the ‘outside’ of 
. the figure. One such will be found in the section on deltahedra. 

Here we give plans of four members of the class; the reader 
who has successfully made the great icosahedron will be able 
to construct the nets for himself. They are the ‘quasi-regular’ 
great dodecadodecahedron and great icosidodecahedron (which 
bear the same relation to the Kepler-Poinsot solids as the 
cuboctahedron and icosidodecahedron to the Platonic) and their 
duals, the small and great stellated triacontahedra. 


3.9.1. Great dodecadodecahedron. (5.5)? 


Fic. 143. 
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3.9.2. Great icosidodecahedron. (3.5)? 


Fie. 144. 


POLYHEDRA 


PLATE 1 


a. The nine regular solids 


а, Qe we 


b. Regular compounds 


Back Row: 5 tetrahedra (left), 10 tetrahedra, 5 tetrahedra (right) 
5 octahedra, eube--octahedron, icosahedron- dodecahedron, 


tetrahedra, 5 cubes 


Front Row: 


PLATE 2 


а. The thirteen Archimedean solids 
(Facially regular) 


b. The thirteen Archimedean duals 
(Vertically regular) 


PLATE 3 


@ А 


a. Dissected block, ellipsoid, sectioned cone 


b. Ruled surfaces (‘Perspex’) 


1 and 3. Hyperbolic paraboloid: 2 and 4 hyperboloid ; no. 1 adjustablo 


c. Half-twist surface, quartic with two double lines, icosahedron 


in octahedron 


d. Snub dodecahedron in icosahedron, ten tetrahedra in dodecahedron, 


snub cube in сире 


PLATE 4 


b. A group of linkages 


a. Sine and cosine board 


9. Models of wire and strapping 
Orthocentrie tetrahedron, armillary sphere, Desargues’ figure, double-six 
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3.9.5. The stellated rhombic dodecahedron 


One figure formed by stellating an Archimedean dual is of 
special interest—the stellated rhombic dodecahedron. This isa 
solid with the vertices of a cuboctahedron; each face consists 
of a pair of overlapping triangles. The solid is shown in Fig. 
147, 


Fie. 147. 


An interlocking puzzle in the form of this solid used formerly 
to be on sale in Switzerland—the home of Schlafli and of crafts- 
manship in wood-carving.[ It consists of six pieces, all of square 
cross-section with diagonally-bevelled ends. One, no. 6 in 
Fig. 148 (b), is plain, and must go in last in assembling the 
puzzle and be taken out first in dissecting it. The others are 
cut away as shown and their relative positions are depicted in 
the plan. To make an accurately-fitting model of this requires 
great skill, but the finished article is very attractive—far more 
so than the puzzle of a similar type with rectangular pieces and 
cubic symmetry which has had some popularity in this country. 

The solid can also be thought of as a compound of three 
distorted octahedra—in reality square dipyramids whose faces 
are isosceles triangles with sides proportional to 2, V3, УЗ. 
A cardboard model is, of course, very easily made. 


Т This puzzle is now marketed in Great Britain by Tresco Plastics, Ltd. 


STELLATED ARCHIMEDEAN 


(а) (b) 
Key to puzzle pieces (5 lies behind 4). 


| side elevation | 
i : Н 


PUZZLE PIECES: 


епа 
H ‚ elevation 
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3.10. REGULAR COMPOUNDS 


If a regular polyhedron and its dual are placed together with 
their edges bisecting each other at right angles, as explained 
in 3.2, a regular compound is formed. There are five of these, 


(1) two tetrahedra—Kepler’s ‘stella octangula *; 

(2) cube--octahedron ; 

(3) dodecahedron-+-icosahedron ; 

(4) great dodecahedron--small stellated dodecahedron ; 

(5) great icosahedron great stellated dodecahedron. 
Of these, (4) has the great dodecahedron entirely inside the 
small stellated dodecahedron (this can be made with the small 
stellated dodecahedron in wire) ; (5) exists but no attempt will 
be made to describe it. The first three are shown below, and 
also in Plate 16. 


3.10.1. Stella octangula (two tetrahedra) 


Fia. 150. Fie. 151. 


Cut outline and all heavy lines; score plain lines on the front, 
dotted lines on the back. Since tabs cannot be added as usual 
to alternate edges, all necessary tabs are shown. 

The solid common to the two solids is an octahedron. 

The solid which contains the two solids is a cube. 

The edges of the stella octangula are diagonals of the faces 
of the cube and meet in pairs at the vertices of the octahedron. 
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3.10.2. Cube plus octahedron. 


NET: 


Его. 155. 


Score all dotted lines on the back. 
The solid common to the two solids is à cuboctahedron. 
The solid which contains the two solids is a rhombic dodeca- 


hedron, and the edges of the compound solid are the diagonals 
of its faces. 
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3.10.3. Dodecahedron plus icosahedron 


3 4 
iil 


| 


Fie. 154. 


Мет: The solid ismost easily constructed by adding triangular 
pyramids to an icosahedron. Twenty pyramids are required: 
the net for each is given. The marked edges are half the icosa- 
hedral edges; slots must be cut in each face of the icosahedron 


as shown and the tabs stuck down on the inside before the 
icosahedron is assembled. 


25) 


(а) (b) 
Fie, 155. 


The solid common to the two solids is an icosidodecahedron; 
the solid which contains the two solids is a rhombic triaconta- 


hedron, the edges of the compound solid are the diagonals of 
its faces. 
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3.10.4. There are also sets of interpenetrating regular solids 
which are fitted together with the symmetry of another regular 
solid of higher order. They are five in number, and can be seen 
in Plate 16. 

(1) Two tetrahedra in a cube (stella octangula). 

(2) Five tetrahedra'in a dodecahedron (two enantiomorphs). 
(3) Ten tetrahedra in a dodecahedron (these two combined). 
(4) Five cubes in a dodecahedron. 

(5) Five octahedra containing an icosahedron (dual of (4)). 


Ета. 156. 


Apart from the stella octangula already discussed, the starting- 
point for these compounds is the pair of dual figures above. 
which show the cube in the dodecahedron and the icosahedron 
in the octahedron. (These figures themselves can be constructed 
from wire, wooden slats, or Perspex strips and thread. See 
Plate 3с.)+ ; 

The sides of the octahedron are divided in golden section; 
two such icosahedra can be inscribed, or alternatively уро 
hedra can be circumscribed to the selected planes of (1610008: 
hedron, making five in all. Five cubes of the type shown can 
be inscribed in the dodecahedron; each cube can be garena 
by two tetrahedra as in a stella octangula; five of these ten 
tetrahedra can then be chosen so as to have one vertex at each 
dodecahedral vertex. 


НА 
+ See also W. Hope-Jones, Math. Gazette, 26 (1942), 44, 45, Figs. 5 and б. 
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3.10.5. Five cubes in а dodecahedron 


Fia. 157. 


The edges of the cubes lie by fives on the faces of the dodeca- 
hedron forming star-pentagons; each edge is thus divided by 
two other edges in golden section. 

The solid common to the cubes as a whole is bounded by 
thirty rhombi, one on each cube face, and is thus a rhombic 
triacontahedron. 
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Construction of net of five cubes 


ТАТА 
/ Ж 


Кто. 159. 


3—w5 
x 3—5 = 0:382; tanl = ny 


Cube edge 2 


5-1 ik 
9 = 20° 54’; м. — 0618; ф = 81° 43. 


The intersections of а cube-face with the other faces are shown 
in Fig. 158; the solid rhombus is a face of the inscribed rhombic 
triacontahedron; the shaded portions are external faces of the 
solid compound and form parts of the net. The vertically 
shaded portions of four faces fit together to form Fig. 159 (a), 
and the horizontally shaded portions Fig. 159 (b). The whole 
net is composed of sixty portions like (a) and thirty portions 
like (b). 


5183 І 
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3.10.6. Five octahedra about an icosahedron 


Fra. 160. 


The vertices of the octahedra form an icosidodecahedron; the 
edges are divided in golden section by other edges; the triangular 
faces lie two by two on the triangular faces of the inscribed 
icosahedron. 

Construction of net. We begin by considering the section 
of the solid by the plane of a single face. This is shown in Fig. 
161: there are two octahedral faces circumscribed to each 
icosahedral face, so that the section consists of two equilateral 
triangles. Four of the shaded portions of the section meet at 
each vertex of the solid; three of these vertices stand above 
every triangular face of one octahedron. Hence, to make the 
solid, begin by constructing an octahedron and attach on 
each face a set of three vertices whose net is given above. 
This can be done by slotting the octahedral face as shown, and 
attaching the tabs to the inside of the slots before the octa- 
hedron is assembled. The faces of the octahedron must be 
slotted alternately as in the figure and as in its mirror-image. 
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SECTION BY PLANE OF OCTAHEDRON. 


Кто. 161. 
а = 22° 14’; ж = 0-382 x octahedral edge. 


THREE-VERTEX Мет: 


(5) 
Fra. 162. 


Dotted lines scored on back. Slots marked with heavy lines ; slots on 
edges can be cut where the octahedral net permits. 
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3.10.7. Five tetrahedra in a dodecahedron 


Fic. 163, 


The solid common to the five tetrahedra, whose vertices are 
at the five-sided ‘dimples’, is an icosahedron, related to the 
outer dodecahedron in the same way as the inscribed icosa- 
hedron in the great stellated dodecahedron. The lines of inter- 
section of tetrahedral planes are parts of edges of this same 
great stellated dodecahedron, and parts of diagonals joining its 
vertices, 

The compound exists in two enantiomorphic forms; if the 
two are put together we have a compound of ten tetrahedra, 
of which two have a vertex coinciding with each vertex of the 
dodecahedron. 

Construction of net of five tetrahedra. Consider first 
the section by a single face. Three other vertices lie in its plane, 
and the section is as shown, the sides of the equilateral triangles 
being divided in golden section. 

Three pieces similar to the shaded portion meet at each vertex 
of the solid and sixty such pieces form its whole exterior surface. 
One of the tetrahedra can be made solid and the other four 
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added to it. The first added tetrahedron will be antipodally 
placed with respect to one of the vertices of the first tetra- 
hedron; three of its planes will have sections as shown in Fig. 
164 (b), and the fourth will be the whole triangle with a tri- 


Fic. 164 


(а) а = 22° 14’; 2 = 0-382 x tetrahedral edge; y = 04972. 


(b) Section by planes of tetrahedron antipodal to vertex A; 


2 = 4xedge. Other measurements as in previous diagram. The three 
e of the first tetra- 


upper sections form a trihedron which fits on а faci 
hedron. 


(с) Section of plane by antipodal trihedron. 


angle of half the side removed to fit over the point of the other 


tetrahedron; this is shown in Fig. 164 (с). 


Construction of solid. To make the solid, therefore, we 


proceed as follows: 


(1) Construct a single tetrahedron of the five. Mark one of 
its faces as in Fig. 164 (c) and cut slots in part of the sides 
of the shaded triangle. Mark the others as in Fig. 164 (b) 


and eut slots in part of the ‘zigzag’ edges. 


(2) Construct a trihedron of three pieces like the upper half 
of Fig. 164 (b) and fit it on the base of the first tetrahedron. 
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(3) Construct the net below (Fig. 165): place the point of the 
first tetrahedron through the triangular hole and fit the 
tabs through the slots in the faces. 
(4) The remaining twelve vertices now fit on in chains of 
four; the net of one vertex is given. 


Ета. 165. Fra. 166. 


The tabs shown are not all needed, but it is best to provide 
them, and they can be easily cut off if not required. There is no 


simple way of deciding which will be required and which will not. 


3.10.8 Ten tetrahedra in a dodecahedron 


Fic. 167. 


If the two enantiomorphic solids formed by the five tetra- 
hedra are put together, the above compound results. The planes 
of the tetrahedral faces coincide two by two, so that the com- 
pound has twenty faces in all, the same number as the five- 
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compound. In the diagram (Fig. 167) the faces are shaded to 
correspond with those of the previous diagram. 
Construction of net of ten tetrahedra. Consider the 
section by a single face shown in Fig. 168. It consists of two 
interlaced equilateral triangles (faces of two tetrahedra). Five 
pieces similar to the double-shaded portion form a pentahedral 


Fia. 168. Fic, 169. Dotted lines 
must be scored on the back, 
solid lines on the front. 

д = 0:437 x tetrahedral edge; 

a = 229147, 
‘dimple’ on each dodecahedral face; the spaces between are 
filled with four pieces similar to the single-shaded portion. 
Thus the solid can be made of sixty double-shaded portions and 
120 single-shaded. The best way to make it is to build it on 
a stout tetrahedron out of twelve pieces similar to that shown 
in Fig. 169. (‘The inner solid triangle is a face of the inscribed 
icosahedron.) 


3.11. DELTAHEDRA 

This name is proposed as a convenient one for the class of 
polyhedra whose faces are all equilateral triangles. They are 
the easiest solids to make, since their nets are parts of the plane 
tessellation of equilateral triangles 3° (2.9.1). Beginners who 
would find difficulty in constructing any of the Archimedean 
solids can make deltahedra with ease. 

There are eight convex deltahedra, as has been recently 
shown by Freudenthal and van der Waerden.[ They are the 
tetrahedron, octahedron, and icosahedron: the triangular and 
pentagonal dipyramids: and three other solids illustrated below 

+ Simon Stevin, 25 (1947), рр. 115-21. 
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with sixteen, fourteen, and twelve faces respectively. If names 
are required they would presumably have to be the heccaideca- 
deltahedron, the tetracaidecadeltahedron, and the dodecadelta- 
hedron! These bring the number of convex polyhedra with 
congruent regular faces up to ten. 

Of non-convex deltahedra only a few more interesting ex- 
amples are described here. 

(1) The three-dimensional net of the regular four-dimensional 


96€ 


(a) (b) (c) 
Fra. 170. 


simplex or pentatope consists of a tetrahedron with four equal 
tetrahedra stuck on to its faces. 

(2) A cuboctahedron with square pyramids pointing ош- 
wards on its faces is merely an octahedron, but if the pyramids 
point inwards so as to meet in the centre, an interesting surface 
is formed which can be regarded as made up of triangles and 
regular diametral hexagons (see Fig. 199 (c)). 

To make it, take the net of the octahedron and divide each 
triangle into four by joining the mid-points of the sides. Score 
these lines on the front and all others on the back, and join 
up so that all the free vertices meet in the centre. A very 
rigid model results. 

(3) If the same is done with the net of the icosahedron an 
icosidodecahedron results with pentagonal dimples. 

(4) Pentagonal pyramids can be described inwards or out- 
wards on the faces of a dodecahedron. In the former case (with 
the planes of the original dodecahedron removed, of course) 


че 
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a deltahedron results with three equilateral triangles in each 
of its planes. It is one of the fifty-nine stellations of the icosa- 
hedron. t 

(5) As a class activity tetrahedra and octahedra can be fixed 
on the faces of a basic polyhedron, which may be a tetrahedron, 
octahedron, or icosahedron, or indeed any suitable convex 
deltahedron. The solids that result are amusing but not of 
great interest. In the case of octahedra on the faces of an icosa- 


(b) n= 10. 
Fic. 171. Dotted lines must be scored on the back. The 
tabs are joined to the edgos with the same letter. 


hedron the solid is only distinguished by narrow fissures from 
number (3) above. 

(6) To be included here are the rotating rings of tetrahedra 
described by Coxeter in his revised edition of Rouse Ball’s 
Mathematical Recreations and Essays, р. 153, These consist o 
n tetrahedra, each joined to its two neighbours by а pair ш 
opposite edges to form a ring (n z 6). И” > 8 the ring can 
rotate, and if n > 22 it can be knotted. The nets for the cases 
^ = 8 and л = 10 are here given. For full details the reader 


is referred to Rouse Ball, op. cit., PP- 153-4 and 216. 


+ Coxeter, Duval, Flather, and Petrie, The Fifty-nine Icosahedra, University 


of Toronto Studies (Mathematical Series), No. 6, 1938. 
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3.12. MISCELLANEOUS 

We shall complete this chapter with a few polyhedral models 
of interest. 

3.12.1. Hexagonal section of a cube. It is a familiar 
piece of work in Elementary Geometry to prove that the face 
exposed by a plane section of a cube through XY, X'Y' (see 
Fig. 172), is a regular hexagon. A model which shows this is 


(b) 
Fig. 172. 


Cut through tho thick lines; score all dotted lines, The triangles in 
the model are all double. 


easily constructed from a square of card as shown; the hexagon 
must be made separately, with tabs on all its edges. 

3.12.2. Prince Rupert’s cubes. What is the largest cube 
that can be made to pass through a given cube? Suppose we 
have a cube of wood. The problem is to cut a channel through 
it of square section, the original cube remaining in one piece. 
What is the largest side of such a square? 

Surprisingly enough, the side is greater than that of the 
original cube, and the channel is not parallel to a main diagonal 
of the cube. It can be proved that a cube whose side is less 
than 22 = 1-06065 times the side of the original cube can be 
made to pass through, and the channel has its maximum oross- 
section when it is in the position shown in the figure (Fig. 173).T 
It 15 easy to make a model of this, but it must be very accurate 
if a cube larger than the original is in fact able to go through. 


1 See German, Encyclopaedia TH, AB 9, Zacharias, р. 1133; Cantor, Geschichte 


ao E p. 528; D. J. Е. Schrek, Scripta Mathematica XVI (1950), рр. 73 f» 
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3.12.3. Solid tessellations. Just as there are a finite 
number of ways of filling a plane with a pattern of regular 
polygons, regularly arranged, so there are a finite number of 
ways of filling space with regular or Archimedean polyhedra. 


Fro. 173. 
ЕГЕ DR 


solid we have the following 


Where there is only one kind of 
gives the number surround- 


five tessellations (the second index 
ing an edge): 


(1) Cubes (43); 
(2) Triangular prisms (3.429; 
(3) Hexagonal prisms (6.42)945 


(4) Rhombie dodecahedra (V(3.4)*; 

(5) Truncated octahedra (4.6293. AES 
Of these, number (1) is very familiar, and number (4) is 1m- 
portant, as the arrangement of the centres of the шо; 
dodecahedra is one of the two ways (cubic) of close-packing of 
Spheres. The other way (hexagonal close-packing) gives rise 
to a tessellation of trapezo-rhombic dodecahedra. For details, see 
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Rouse Ball, op. cit., pp. 148 ff., or Lines, Solid Geometry, р. 146 
and pp. 205-7, and section 4.7 in the next chapter. 

Tf there are two or more kinds of solid in the tessellation, and 
they are similarly arranged about every edge, we have only 
three more tessellations, viz.: 

(6) Tetrahedra and octahedra {(3*) .(3*)}*; 

(7) Tetrahedra and truncated tetrahedra (3°). (3.62)°; 

(8) Octahedra and euboctahedra (34). (8.4)2). 

The construction of these various tessellations is very suitable 
for class activity. 

3.12.4. Four dimensions. The regular figure in four- 
dimensional space is called а polytope, or rather a four-dimen- 
sional polytope, as the word polytope is general. There are six- 
teen such, six convex and ten stellated. The net of the simplest, 
the pentatope, has been given above (3.11 (1), but a better 
idea of it is obtained from a three-dimensional projection of its 
edges. This is made simply by joining every vertex of a regular 
tetrahedron to a fifth vertex, either outside it or inside, for 
example, at its centre (Fig. 174 (b)). Compare the plane projection 
of the regular tetrahedron (Fig. 174 (a)). 

The next most simple polytope is the fesseract, or hypercube, 
which has eight cubic cells. A projection of this can be made 
in several ways, but two simple ways are shown. We may 
either take two cubes, slightly displaced from coincidence, and 
join corresponding vertices by parallel lines (oblique parallel 
projection, Fig. 174 (e)), or take two cubes, one slightly smaller 
than the other and centrally placed inside it, and join corre- 
sponding vertices by concurrent lines (perspective, Fig. 174 (f ). 
Compare the two ways of showing a cube in а plane diagram 
(Figs. 174 (с) and (4)). Projections of all the convex polytopes 
in four dimensions are given in Coxeter’s Regular Polytopes. 
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OTHER MODELS IN SOLID 
GEOMETRY 


4.1. WIRE MODELS 
A NUMBER of configurations of solid geometry are of such 
frequent occurrence and intrinsic interest that a permanent 
model is worth constructing. The simplest configurations in- 
volve only the incidence of lines and points and are con- 
veniently made in wire. 

The technique of making a wire model is simple provided 
certain precautions are taken. The wire used can be bare soft 
iron wire, which is easily bent into any required shape. Iron 
wire can also be obtained covered with coloured plastic insula- 
tion at electrical shops, This is a useful form of wire and is 
obtainable in various colours. It has the advantage that it is 
easy to bend, eut, and solder, and needs no painting. On the 
other hand, a model made from it will be distorted by handling, 
and straight lines will not retain their straightness for very long. 
Hard steel piano wire gives slightly more trouble in construction, 
but produces a more robust finished article. Wire of fairly fine 
gauge, cut into reasonable lengths, can be obtained from most 
good ironmongers. То bend it, first soften it ina flame. Clean the 
ends with emery before soldering, and use Baker’s fluid which 
gives more certain results than the usual flux. For thicker lines, 
steel knitting-needles can be used. To colour the wires, use 
glossy, coloured, dope such as is sold for covering model aircraft. 

We shall give three examples of such models, but of course 
the possibilities are unlimited; in particular all the polyhedra 
can be made with wire edges, though the plane faces are not 
shown in such a model and, for example, the great dodecahedron 
and the icosahedron are indistinguishable. 

4.1.1. Desargues's configuration. The properties of this 
important figure are most easily seen in a model, including the 
proof of the existence of the configuration in space, and the 


IV.1 WIRE MODELS M3 


complete symmetry of the figure, every point being a. possible 
vertex of perspective and every line a possible axis, The figure 
is shown below (Fig. 175), and in Plate 4c; it can be coloured 
either to show a pair of triangles, their axis and vertex of per- 
spective; or, alternatively, to show that the ten lines fall into 
two sets of five, each of which forms a skew pentagon inscribed 
in the other. 

4.1.2. The orthocentric tetrahedron. This is another of 
the important figures of solid geometry. It can be constructed 


Fro, 175. Fio. 176. 


together with its circumscribing parallelepiped as shown. If 
this is done the sides of the tetrahedron, the sides of the 
parallelepiped, the altitudes, and mutual perpendiculars should 
be coloured differently. It requires care and patience to get the 
wires soldered together at the corners. The parallelepiped, 
which in this case is a rhomboid, should first be made of twelve 
equal pieces of wire, then the diagonals can be measured and the 
tetrahedron added, and finally the other lines. 

AL, DL are perpendicular to BC; AH, is perpendicular to 
DL and therefore an altitude of the tetrahedron, LM is the 
mutual perpendicular between AD an 


if desired (with rapidly increasing difficulty"). figure 

the minimum necessary to show the properties ote d bl- 
4.1.3. The double-six. The general theorem of the Con es 

six is due to Schläfli, and the configuration, қа Бөген 


somewhat complicated, A special ease, however, in which the 
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result is obvious, is worth constructing as it leads to an elegant 
figure. 

The starting-point of the theorem is the fact that there is 
just one transversal to two skew lines through every point in 
space. This leads to the consideration of the set of transversals 
of three skew lines, forming a ruled quadric surface (see 4.3 

below). A fourth line not lying in this 
EX quadrie will meet it in two points; hence 
there are just two transversals to four 
general skew lines. Now suppose we take 
five skew lines a, b, c, d, e with a common 
transversal 2, There will be one other 
common transversal to every set of four 
ofthem. Let the common transversal of bede be а; of acde, В; of 
abde, у; of abce, 8; and of abed, е. Then the five lines оВудє have 
a common transversal f. That is to say, we have two sets of six 
lines, each member of each set meeting five members of the 
other set. To prove this, we shall ignore degenerate cases in 
which certain lines coincide, which are best treated analytically. 

Suppose f is the common transversal, other than 4, of fyàc. 
We must prove that f meets o. 

Choose four points on 0, and three on each of the lines 0-4 
none of them being points of intersection of the lines so far 
defined, Through these nineteen points a unique cubic surface 
C can be drawn. Since it has four points in common with 0; 
it contains 2 entirely, which gives it a fourth point in common 
with each of the five lines а-е. Hence it contains each of these 
lines entirely, and hence, again for the same reason, it contains 
each of the five lines aye. Finally, С contains f, since it meets 
it in the four points В, fy, fò, fe. That is, to recapitulate, all 
twelve lines lie on C. 

Suppose now that f does not meet а. Then there is а second 
transversal of afy5, different from e and f, which we may call g. 
g meets C in the four points ga, gf, gy, 96 and therefore lies 
in C. That is to say that four transversals of Вуд, viz. 8» ê fo 
lie entirely in C. But this would mean that every transve 
of a, e, f, 9 would meet С in four points and lie entirely іп б, 


Sse acca 


apy бер 
Fra. 177. 
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ie. the quadrie defined by Вуб would belong to С, so that C 
would consist of this quadric and a plane. But we have sup- 
posed at the outset that no four of a, b, с, d, е lie in the same 
quadric, so that at least two of them must lie in the plane, which 
is not so. Hence our supposition is false, and f must meet a. 


Fio, 178. 


So much for the theorem; now for an actual model of а 
specially symmetrical case. 

Consider a cube 4BCDA'B'C'D'. Select four of its vertices 
alternately, at the vertices of a regular tetrahedron, for example, 
АСВ’П’. Three edges pass through each vertex; produce these 
edges outwards through the vertex to equal distances, thus 
obtaining twelve points. Join each of these points to the two 
points which lie diametrically opposite to it in the two faces 
in which it lies. The result is a double-six of lines possessing 
the symmetry of the regular tetrahedron. Every line lies in а 
face and meets five other lines, at the centre of the face, and 
at the points where it meets the four edges of the face. The 
only line of the second set which it does not meet is the line 
perpendicular to it in the opposite face. Thus а is perpendicular 

+ This method of proof is due to Hilbert, and it is included here because 


there is no easily accessible account in English. 
зз к 
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to а, b to В, and so on. In the general case they are polar lines 
with respect to a quadric, here the imaginary sphere with centre 
at the centre of the cube and (radius)? = —a?, where the side 
of the cube is 24, 

To construct the model, shown in Fig. 178, notice that the 
lines form three sets of four, connected only by their ends, in 


Ета. 179. 


the form of a ‘double 
hair-pin’. The three sets 
are identical (see Fig. 
179). We therefore con- 
struct three of these 
units—skew quadrila- 
terals with all their plane 
angles equal—and fit 
them together to form the double-six (Fig. 180). 

4.1.4. Other configurations of lines in space. There 
are unlimited possibilities of figures composed of lines in three- 
dimensional space, but there are a few of geometrical interest 
which the reader may care to investigate for himself. E.g. 

(а) Mobius tetrads: two tetrahedra arranged so that each 
vertex of either lies on a face of the other. The figure 
contains eight points and eight planes, but many other 
points will be needed in its construction. 

Reye’s configuration; projectively equivalent to the figure 
consisting of the twelve edges of a cube and its four cube- 
diagonals, in which three points are at infinity. This has 
twelve points, three on a line; and sixteen lines meeting 
in fours at the points, 

The projections of the regular four-dimensional polytope?. 
These are figured in Coxeter’s Regular Polytopes, and in 
Hilbert’s Anschauliche Geometrie. 


Fie. 180. 
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4.2. WoopEN MODELS 


Of course any model made of wire could also be made with 
wooden sticks cemented together, and those familiar with balsa- 
wood technique will need no advice about adapting the design 
of a wire model to the new material. Polyhedra can be made 
by constructing their edges, and, if desired, sheeting of paper 
or thin card can be cemented on the framework to show the 
planes. 

This section however is a convenient place to collect together 
a few examples of models that can be made out of solid wood. 
We shall describe three such which can be made by anyone who 
can handle a lathe. The first two are shown in Plate За. 

4.2.1. A dissected cuboid. In order to prove that the 
volume of a tetrahedron is $ base-area x height, it is usual to 
proceed by showing that all pyramids of the same height and 
the same base-area are equal in volume. Unlike the situation 
in two dimensions, this cannot be done by dissection, but an 
argument which is equivalent to integration has to be employed. 

When once this has been proved, it only remains to show that 
the formula. holds for one such pyramid. This can most easily 
be done by dissecting a euboid into six tetrahedra of equal 
volume. 

Consider the cuboid ABODA’ B'C'D' in Fig. 181. First make 
а cut through A BO'D' and ob- 
tain twowedges. Take thewedge 
A BCDC' D' and cut it down the 
plane ADC’, obtaining a tri- 
angular pyramid ADD’C’ and 
a rectangular one ABODC'. 
Finally, bisect the rectangular 
pyramid by a cut in the plane Fia, 181. 
ACC’, obtaining two more 
triangular pyramids ABCC", ADCC". 4 

Then pyramid ABOC’ = pyramid АРСО’ in volume, having 
the same height CO’ and congruent bases АВС, ADC. Also 
pyramid ADCO’ = pyramid А Dp'C’ in volume, having the 
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same height AD and congruent bases DCC’, DD'C'. Hence all 
three pyramids are equal in volume, and each is one-sixth the 
volume of the cuboid = 1а6с = 4(4ab)c = 1 base area x height. 

If the model is made of wood it will be necessary to plane the 
faces down again after the saw-cuts have been made and 
smoothed, otherwise it will not fit to form a cuboid after the 
planing. It is of course unnecessary to dissect the second 
wedge. 

4.2.2. A sectioned cone. It is often desirable to have à 


Ellipse — А E 


Parabola—, 


Hyperbola — 
Hyperbola Parabola 


(2) (b) 
Ета. 182. 
model showing the sections of a circular cone. The construction 
involves some accurate work on a lathe. After the cone is 
roughly turned down the saw-cuts can be made and planed 
smooth, "The cone is then dowelled together again and of course 
no longer fits. The whole must now be remounted in the lathe, 
preferably secured by wrapping round with string or binding, 
and the cone turned down again and finished off. 

There are two ways of showing the sections; that of Fig. 
182 (а) is the easier to make; the other is perhaps preferable 
mathematically, 

4.2.3. Torus, showing seven-colour map. The famous 
four-colour problem continues to interest and to baffle mathe- 
maticians. The fact that the problem is completely solved on 
the torus, seven colours being both necessary and sufficient, ін 
surprising enough to provide interest in a model of the seven- 
colour map. The usual way in which the map is depicted is by 
means of the rectangle with opposite edges identified, which is - 
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equivalent to the torus, and can be imagined deformed into 
one without much difficulty. The map is shown below in this 
form; it consists of seven hexagons, each of which touches the 
other six. 

If it is possible to turn a torus on the lathe, the map itself 
can be marked out and coloured. Divide the ‘waist’ of the 
torus into three by three points. Then describe a helical curve 


Fra. 183. Fie, 184. 


on the torus which begins at one point, travels all round 
the torus and returns to the next point, and so on until after 
three circuits the curve returns to its starting-point. Divide 
the whole length of this curve into fourteen equal parts. Then 
join the first point of subdivision to the sixth, the third to the 
eighth, the fifth to the tenth, and so on until every even point 
2n is joined to the odd point әп-5. The result will be seven 
elongated areas, each in contact with the remaining six. 

4.2.4. Plane section of torus. It is also interesting to show 
the section of a torus by a tangent plane through its centre. 
Such a plane will touch the surface at two diametrically opposite 
points, above and below the plane of symmetry. The section, 
surprisingly, consists of two circles intersecting at the points 
of contact, A model can be made of wood. 
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4.3. QUADRIC SURFACES 


These are surfaces whose Cartesian equations are of the second 
degree and are analogous to the ellipse, parabola, and hyper- 
bola in plane geometry. An equation of the second degree in 
the plane yields, apart from the case of an isolated point, either 
two straight lines, a circle, an ellipse, parabola, or hyperbola. 
In space the possibilities are more numerous, and include two 
planes, circular, elliptic, parabolic, and hyperbolic cylinders and 
cones, the sphere, spheroid and ellipsoid, two different hyper- 
boloids, and the elliptic and hyperbolic paraboloids. We shall 
describe models of most of these. 

4.3.1. Cylinders. These are made with the greatest of ease 
from an ordinary sheet of paper or card, rolled into a cylinder 
of circular, elliptic, or hyperbolic cross-section. The circular 
cylinder itself arises in multifarious examples from everyday 
life. : 

Nevertheless it has interesting properties, among which the 
following can be demonstrated with a model. | 

(a) An oblique plane section is an ellipse, as can be seen by 
sawing the broomstick, or cutting oblique slices from the 
polony or cucumber. 

(b) If a sheet of paper is wrapped several times round the 
broomstick before the saw-cut is made, the edge of the 
paper will be cut into a neat sine-curve: an excellent way 
of manufacturing decorative shelf-paper. 

(c) A straight line ruled obliquely on the paper will, when 
the paper is rolled into a circular cylinder, be transformed 
into a helix—the ‘screw-thread’ curve, 

(4) By using an ordinary compass on a cylindrical surface, 
an oval curve can be drawn, but it is not an exact ellipse. 

4.3.2. Cones. These again are ‘developable’ surfaces—i.e. 
they can be unrolled into a plane, and can be produced by 
bending sheets of paper or card. The circular cone is made 
from the sector of a circle. "This is seen in the common filter- 
funnel, and some lamp-shades. These latter are more often in 
the form of a frustum of a cone, which unrolls into a sector 
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of the ring between two concentric circles, In this case a second 
cone can be described containing the two bounding circles of 
the lampshade, with its vertex lying between them (see Fig. 
185). If now a lamp is placed exactly at this vertex, the shadow 
ofthe shade cast by the lamp on a plane surface, such as a wall 
or ceiling, will be a conic section. Іп the normal vertical posi- 
tion hyperbolas will appear on the walls and a circle on the 


Fia. 185. 


floor or ceiling. By tilting the lamp the ellipse and. parabola 
can be produced. Many lamps are sufficiently near this con- 
figuration to show the sections quite well. 
A wooden cone cut to show the section: 
in 4.2.2 above. 
The circular sector rolled up to form 
(a) that the radius of the sector is the slant height of the 
cone; 
(b) that the arc of the sector is t 
of the cone; ў 
(с) that the area of the curved surface of the cone 18 ] base- 
circumference x slant height. | 
By drawing straight lines on the flat sector geodesics on the 
cone can be shown; in particular it appears that the shortest 
route from a point on the base-circle round the cone and back 
to itself is not the circumference of this circle. 


s has been described 


a cone demonstrates 


he circumference of the base 
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4.3.3. Sphere. Spheres confront us everywhere from the 
days of the rubber ball in the nursery to those of the globe in 
the geography room. Nevertheless, the geometry on their sur- 
face is not always easy to visualize, and the geographer often 
has the advantage of the mathematician in having a globe with 
meridians and parallels drawn on it ready to hand. On such 
a solid globe great circles can be drawn and measured, and their 
geodetic property is more apparent. The following is a method 
of constructing a skeleton ‘armillary’ sphere made of great 


(D cr 


Fra. 186, 


circles only, by means of which latitude and longitude (polar 
angles) and the properties of the general spherical triangle can 
be studied. (The description is taken from the American 18th 
Yearbook, p. 242.) The sphere can be made very conveniently 
from steel strapping of the kind which is fitted round packing- 
cases. This is easily cut and punched or drilled, and can be 
fastened with brass stationers’ or shoemakers’ eyelets. A com- 
plete model so made appears in Plate 4c. 

We begin by making a circle of strapping with two holes in it 
at opposite ends of a diameter. This must be done accurately, 
as the rest of the work depends on it, Cut a strip 1 inch longer 
than the circumference required; mark a point about j inch 
from the centre and punch a hole there. Mark off equal 
lengths equal to half the circumference from this hole and 
punch two more holes. Coil the strip round and join these 
holes temporarily with an eyelet. In the overlap, punch a hole 
right through and secure it. Next place two other circles inside 
this one; they should be coiled to fit inside before joining up 
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with two eyelets apiece. The joins are then staggered round 
the circumference and holes are drilled through the set of rings 
using the outer holes as а guide. The three are then fixed 
together with two eyelets. Finally, an outer equatotial ring is 
fixed to the outermost of the three by two eyelets at the ends 
of the diameter at right angles to that on which the other three 
pivot. We then have a skeleton sphere consisting of the equator 
and three variable meridians at right angles to it. The equator 


SE 
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itself can be rotated if necessary to give à spherical triangle of 
any shape. 

Тһе whole frame сап be conveniently mounted on a bill-file, 
passing through the two pivotal eyelets. 

4.3.4. Sphere and cylinder—Archimedes’ theorem. 
Another useful demonstration model in connexion with the 
sphere is one constructed to show the fundamental theorem of 
Archimedes on which the mensuration of the sphere depends. 
This result, which the great Greek mathematician considered 
one of his greatest discoveries, states the equality of the areas 
intercepted by two parallel planes on the sphere and a cylinder 
circumscribing it with axis perpendicular to the planes, | 

Any solid ball will do for the sphere—a large nursery ball is 
a reasonable size, The cylinder can be made of thin celluloid 
sheet joined with a celluloid solvent—acetone, nail-polish re- 
mover, or durofix. Two flat circular sheets of celluloid or 
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“Perspex, of the diameter of the sphere, serve for the planes, 
with concentric circles of different sizes cut out of them. 

It is a good plan to fit а thin collar of coloured transparent 
sheet between them, inside the transparent cylinder, to which 
it can be cemented. This serves both to space the cutting 
planes and also to delineate the area on the cylinder which is 
under consideration. The equal area on the sphere can be 
painted to match. 

4.3.5. The general quadrics constructed from circular 
sections. The next most general quadric after the sphere is 
the quadric of revolution; either the spheroids, or the para- 
boloid, or the two hyperboloids of revolution of one and two 
sheets respectively. These can of course be turned on a lathe 
in wood (given the necessary skill, and a template shaped to 
the curve of section by a plane through the axis). Spheroids 
of both kinds are familiar wherever oranges and plums are 
eaten or rugby football is played; the hyperboloid of one sheet 
can sometimes be seen in the form of a waste-paper basket, 
or in the attempt to turn a cylinder on a lathe when the tool has 
travelled in a line which is not parallel to the axis. 

The paraboloid appears when a cylinder of liquid is rotated 
at speed—a dangerous experiment in inexperienced hands! The 
hyperboloid of two sheets is not a common form of surface and 
there seems no everyday example of it. 

But it is more interesting to make the general quadrics with 
an elliptic central section. If they are constructed in the follow- 
ing way, from their circular sections, it is not difficult. 

4.3.6. The ellipsoid constructed from its circular sec- 
tions. A description of this model is given in Analytical 
Geometry of Three Dimensions, by W. Н. McCrea, p. 110. Since 
the model is deformable, there is no need to begin by drawing 
the ellipse as there suggested, since in one position it will be 
spherical. 

Begin then by drawing a circle as shown in Fig. 188 (a): 
Mark two perpendicular diameters, and on each of them & 
number of equally spaced points, symmetrically placed with 
respect to the centre. If the model is to take up naturally the 
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form of an ellipsoid, the numbers on the two diameters should 
be unequal. Chords are now obtained by joining up the points 
in corresponding pairs, giving two sets of parallel chords. Avoid 
divisions in which the resulting chords have points of inter- 
section very near their ends. 

Now cut out from thin card a set of circles with diameter 
equal in length to each one of these chords. Mark off along 
each diameter points corresponding to the points of intersec- 
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tion of this chord with members of the other set. It is as well 
to number these points to correspond. with the chords. When 
this Ваз been done, cut slots through each of these points 
perpendicular to the diameter: above the diameter for chords 
of one set, and below it for chords of the other. The circle 
corresponding to chord AB is shown. The slots should be wide 
enough to take the thickness of the card. 

The circular disks are then fitted together on the 'egg-box' 
principle, corresponding slots being slid together in opposite 
directions. on 

The resulting model can be fixed together either by sticking 
strips of Scotch tape down the ‘hinges’, or by fixing links across 
the ends of each slot and cutting small nicks (shown dotted in 
Fig. 188 (b)) to accommodate them. 

The model is collapsible; it can be 
ellipse in both directions, and takes up V 
on the way; one axis remains constant 


flattened out into а plane 
arious shapes of ellipsoid 
and the other two vary 
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continuously in such a way that the sum of their squares re- 
mains constant. For a photograph of the finished model, see 
Plate 3a. 

The two hyperboloids and the elliptic paraboloid can be made 
in the same. way. In these cases the hyperbola or parabola 
must first be drawn and symmetrically placed sets of parallel 


Type (a) Type (b) 


Type (c) 

Fig. 189. 
chords inserted as in the diagrams, The rest of the construction 
then proceeds as before. 

The hyperbolic paraboloid has no circular sections, but it can 
be constructed as a ruled surface (see below). 

These models can be painted in four colours, one on each set 
of parallel faces of each set of circles, The colour change on 
deformation of the model is quite startling—indeed the whole 
thing is reminiscent of the nursery jack-in-the-box! 


4.4. RULED SURFACES 

Ruled surfaces are obvious subjects for models, and are 
suitable for treatment in various materials. Cardboard and 
coloured thread makes a. model which can be folded and carried 
about in the pocket. Plywood and thread is more durable and 
can be strutted to remain rigid. “Perspex has the advantage of 
transparency, so that the surface can be viewed from any angle. 
Polyvinylchloride (PVG plastic) thread is excellent for the pur- 
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pose if a stout model is required. It is smooth and collects no 
dust, is self-coloured, and slightly elastic. If the model is to 
be made deformable, elastic thread (coloured Shirlastic) must 
be used, as РУС changes shape too slowly. The only trouble 
with PVC is that as the plasticizer evaporates the thread is 
apt to become brittle, and re-threading may be necessary; this 
is not usually an arduous task. Finally, the lines can be made 
of wire or fine brass rod. At least 
one hyperboloid exists with wire 
generators, éach of which is jointed 
to each generator that meets it by 
universal joints, so that the whole 
is collapsible both into an ellipse and 
a hyperbola. This calls for super- 
lative craftsmanship of an order 
not usually encountered in schools. 

The planes between which the. кто. 190(а). Construction of 
thread is stretched to form the Das 
surface need to be held apart by rigid struts. A suitable 
method is to make use of plastic tubing, which can often be 
obtained in the form of paint-brush handles at the chain stores. 
A knitting-needle or other rod is passed down the tube, and 
the planes are secured to the ends by nuts which the needle 
is threaded to receive. (It is wise to soften knitting-needles by 
heating before attempting to cut a thread on them.) These 
tubes are easily cut to lengths with a sharp knife, and can be 
obtained in different colours. A highly pleasing model can easily 
be made in this way, and for a very modest expenditure. The 
construction of several types of ruled surface will now be 
described, Models of a number of them, made of “Perspex, 
appear in Plate 3, b and c. 

4.4.1. Hyperboloid of one sheet. Draw а circle on a sheet 
of paper and divide its circumference into twenty-four or 
thirty-six equal parts, starting from the end of a given diameter. 
Draw ordinates from all the points to this diameter ard reduce 
them in a fixed ratio, say by one-half, thus obtaining a set of 


points on an ellipse whose eccentric angles have 8 constant 
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difference (Fig. 190 (2)). With this as a template mark the points 
in exact correspondence on two rectangular’ Perspex’ or ply- 
wood sheets, and also mark four points in the corners for 


Fra. 190(5). Completed hyperboloid. 


handle 
g тва 
Ку, 


Fra. 190 (c). 


the struts. Drill all holes with the sheets clamped together. 
(Before drilling"Perspex? press a heated needle on the points to 
be drilled, to stop the drill wandering.) Then set up the two 
planes on the struts and secure. Begin threading from the 
end of a diameter on one plane to a hole about 120° further 
round on the other (to obtain a good ‘waist’). Continue round 
in the same direction, progressing one hole top and bottom 
each time. Then with a different coloured thread join up the 
other set of generators, joining the first point to the point 120° 
in the opposite direction, and so on. The resulting surface is 
shown in the figure, 
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If the ends are made circular instead of elliptic, a hyper- 
poloid of revolution is obtained. It is possible in this case to 
mount the upper circle of holes on a disk which can be rotated 
relative to the bottom. If this is done, as the disk rotates, one 
‘set of generators will open out towards a cylinder, the other 
set will close in towards a cone. If we join each point of the 
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Fig, 191. 


lower circle to the point 90° in front of it for one set of genera- 
tors, and then for the other set jo 


behind it, taking care that the 
wholly outside the first set, then 


in each point to the point 90° 
second set of generators lies 
a rotation of the upper circle 


through 90° will bring the inner set of generators into the form 


of a cone and һе outer set into t 
Intermediate rotations give various form 
in this rotation the length of the generators alters, 


hat of a circular cylinder. 
s of hyperboloid. Since 
they must 


be made of elastic thread. This is a fascinating model if a little 


trouble is taken to get it accura 


tely and smoothly made. 


A possible method of making the disk is shown in Fig. 190(c). 


4.4.2. Hyperbolic paraboloi 
Surface can be very simply made. 
Perspex’ and mark on them two equa 


their bases along an edge of each 


d. A model of a part of this 


Take two sheets of card or 
1 isosceles triangles with 
sheet. Mount the sheets edge 


to edge so that these bases coincide. If card is used a hinge of 


linen or cellulose tape can be use 
cemented or hinged with small brass 


d; ‘Perspex can be mitred and 


hinges. Drill holes at 
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equal intervals down the sides of the two triangles and thread 
them so that if the triangles were opened out flat a network 
of parallel lines would be formed as shown. 

If it is desired to make the model so that it actually can be 
opened flat, the thread must be elastic. Otherwise an angle of 
about 90° between the planes is desirable. 
There is a model of this type in the Science 
Museum which has brass strips for the sides 
of the triangles, These are hinged together 
so that the lower one rests in a horizontal 
plane. This one is perforated so that the 

Fra. 191 (c). threads attached to the upper movable 

triangle pass through it and are held taut 

by small weights concealed in a prism-shaped box. The shape 

of the paraboloid can thus be varied from the plane parabola, 

when the triangles are in coincidence, to the flat rhombus, when 
the angle between them is 180°, 

If the model is made at a fixed angle, a strut should be fitted 
for rigidity between the apices of the triangles, as in the end-on 
View shown (Fig. 191(c) and Plate 3b, No. 1). 

A second method of constructing a model of the hyperbolic 
paraboloid is described by McCrea (Analytical Geometry of Three 
Dimensions, р. 123). Whereas the previous model shows the 
intersection of tangent planes with the surface—the four genera- 
tors which form the boundary of the model—this gives a clearer 
picture of the parabolas in which the surface is met by planes 
parallel to its principal planes. 

We begin by drawing a rectangle and its two diagonals, to 
represent the generators through the vertex. On each side of 
the rectangle erect symmetrical parabolic ares of equal height, 
ав shown in Fig. 192 (а). One opposite pair of these will be 
bent upwards, at right angles to the plane of the rectangle 
ABCD; the other pair downwards. 

To locate the holes for threading, divide each diagonal AC, 
BD into an equal number of equal parts. Draw through each 
point of division parallels to the other diagonal, to meet the 
sides. At the points of intersection, erect ordinates to the 
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parabolic ares. These meet the ares at the ends of a generator. 
For example, in Fig. 192 (а), the three points L, М, N will lie 
on а single generator. Fig. 192 (b) shows the finished surface. 


Fra. 192 (5). 


If this model is made in'Perspex; it will be difficult to drill 
the holes at the correct angles through the sheet A BOD along 
the diagonals. It will be better therefore to mark the four 
parabolas in position on the side faces of an open box; a lid 
can be cemented in, if desired, after threading, to enclose and 
protect the whole model (Plate 3b, No. 3). 

4.4.3. Quartic with two double-lines. As an example of 
ruled surfaces of higher degree we select first the quartic sur- 
face with two perpendicular double-lines whose central section 
is a circle. This is a surface of great importance in optics, for 
it is the envelope traced out by the rays of a pencil reflected or 

5183 L 
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refracted at a spherical surface. These rays pass through two 
focal lines at right angles, midway between which is the ‘circle 
of least confusion', the minimum section of the quartic surface 
formed by the rays. A simple but not very convincing (and in 
these days not very easily obtainable) example of such a surface 
is provided by the ‘old-fashioned humbug’. These potent sweet- 
meats used to be made by twisting the material in just this 


Fie. 193. 


way between two perpendicular skew lines at their extremities. 
A long foolscap envelope, with its open end sealed in a line per- 
pendicular to its closed end, has also approximately this shape. 

To construct a model, take two square plates of Perspex'or 
plywood and mark on them two congruent ellipses with their 
major axis three times the minor axis. Points are marked out 
on the circumference of the ellipses separated by constant 
differences in eccentric angle. Holes for the threads are drilled 
at these points. (It is simplest to mark only one ellipse in fact, 
and to drill right through the two sheets clamped together.) 

Fig. 193 shows how to construct the points and also how to 
join up the points in the subsequent threading. 

АМ = 30, №, №№ = $0, №, 4,0,0, = B, Ô, 0, and isin 
the same sense. The ellipses are mounted in parallel planes 
with their major axes at right angles. A point such as А 
with eccentric angle 0 on the upper ellipse is joined by a thread 
to the point P, with eccentric angle 3-0 on the lower ellipse, 


the radii 0,Q,, 0, 9, being always directed in diametrically 
opposite directions. 
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Tf the ellipses have semi-axes За, а and are in planes 4b apart, 
we can take the axes of z and y parallel to the major and minor 
axis of one ellipse, and the axis of z as the line joining their 
centres, the origin being the mid-point of this line. Then the 
five points 
(За cos 0, asin 0, 2b), (2a сов 0, 0, b), (асов0, —asin 0, 0), 
(0, —2asin80, —b), (—а cos, —3a sin 0, — 2b), 


z=-2b 
Fra. 194. 


are always collinear, so that the generators of the surface inter- 
sect the lines (y = 0,2 = b), о ), ша segment of 
length 2a, and also the circle ety = a, 2 = 0. 

The exact value of the ratio b/a is immaterial but it is con- 


venient to have it about 2:1, or 3:2. The positions of the 


coordinate axes, double lines, and central circle are shown in 
del is shown in Plate 3c. 


the accompanying diagram. A mo 
4.4.4, Right helicoid. As a further example of ruled sur- 


faces the right helicoid will be briefly discussed. This is the 


surface swept out by a line which always intersects a fixed axis 


at right angles and which rotates uniformly as its point of inter- 
section moves uniformly along the axis. It intersects any 


cylinder concentric with the axis in à helix—the screw-thread 


curve, Small aerials in the form of a right helicoid are familiar 


to wireless enthusiasts. 
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A model of the surface is easily made from wire, soldered at 
right angles to a rigid rod for axis. A more interesting model 
is obtained with rather more trouble by threading between 
curves in perpendicular planes, 

If we take the axis of z along the axis of the helicoid, its 
equation can be taken as y = xtanz/a. We wish to find the 
curves in which this surface is met by two planes through Oz, 
bisecting the angles between the planes 202 and xOy. The 
easiest way to do this is to take these as coordinate planes, 
‘by rotating the axes of y and z through іт and leaving the 
axis of д unaltered. Then if у’ and 2” are new coordinates, 
У VE 

v2’ 42 " 


so that the equation of the surface becomes 


y= 


EN n Т. 
Yiz 2 an 44/2 
Dropping the dashes, we obtain for the curves of section with 
the planes y = 0 and z = 0, 


y=0 0 


As 
v 2 2 and {у y 
a= sam) z= eot( 5} 
The curves are identical, but face in opposite directions. 

The whole of the line y = 0, z = 0 lies in the surface, but 
on the first plane ¥= 0, <->--а ав2->- 0, whereas on 2 = 0, 
%-> -+a азу > 0. 

Ifa = 100, corresponding values of x апа у for the curve of 


section with z = 0 are given in the accompanying table at 
equal intervals of y. 


y 0 | 185 | 37 | 555 | 74 | 925 | іп 129-5 | 148 |1665 
%|100| 99-5 | 97.7) 951 | 90-7 | 853 | 1785 | 703 | 60-4 
[e ALS I 
4/185 | 203-5 | 222 | 240:5 | 259 | 277-5 | 296 | 314-5 | 333 |3515 
2351 | 190 | 0 |—224| —49.0| м1 —190-6| —170-3| —235| —323 
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These points are now plotted on two plates and drilled 
through. The plates are then mounted at right angles, after 
being bevelled along the x-axis, so that they lie, with their v-axes 
éoincident, in the planes у = 0, 2 = 0. Care must be taken to 
ensure that the origin coincides. It is convenient to drill an 
extra hole at the origin so that a thread can be stretched from 


it to a strut between the plates, lying along the axis of the 
helicoid. 
"The generators are threaded between the drill-holes corre- 


sponding to points with equal values of y and 2. The resulting 


Surface is shown in Fig. 195. 
4.4.5. Other ruled surfaces. There are of course à large 
number of other surfaces which can be made. Some of the most 
interesting ones are the ‘twist surfaces’ allied to the Möbius 
strip, which is discussed more fully in the section that follows. 
Imagine a point P moving round a fixed circle. If the point 
carries a line / which is always perpendicular to the tangent to 
the circle at P, the motion of J will generate 2 ruled surface. ^ 
(i) If Z is perpendicular to the plane of the circle, it wh 
generate a circular cylinder. ^ 
(ii) If ( passes m a fixed point it will generate à circular 
cone. 


x Қ ^ 
(iii) If Z rotates about the tangent as axis with half the 
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angular velocity with which P describes the circle, Г describes 
the ‘half-twist’ surface. This is of the same kind—except that 
it extends to infinity—as the surface of a strip of paper twisted 
once (a half-revolution) and joined end to end—the Mobius 
strip of the first order. The surface is therefore one-sided. It 
has the cubic equation 
(22--9?--22) — 22 (a2-4-?) —2azx—a*y = 0 

(the circle being 224-2 = a?, z = 0; and the initial position of J, 
æ= —@, y= 0). 

There is a line of double-points, « = —a, у = 2, and the axis 
of z lies wholly on the surface, 

The surface is conveniently made by joining points on the 
curves in which it is cut by planes z = + Аа. These points can 
be plotted parametrically by observing that the generators are 
the lines joining (a cos 6, asin 0, 0) to (0, 0, —atan 16). See Plate 
3c. 

A model could of course be made with rather less trouble in 
wire. 

(iv) If 7 rotates about the tangent with the same angular 
velocity as P, it describes the ‘full-twist’ surface, equivalent 
to the Mobius strip of the second order. This is a quartic 
surface with equation 


9*2? (y? —22) — 2axyz—ay? = 0. 
It is two-sided, and its only singularities are on the z-axis. 
The ‘one-and-a-half-twist’ surface, corresponding to the Móbius 
Strip of the third order, is again one-sided, of a more complicated 
shape. Higher order twist surfaces can be similarly defined. 


4.5. Мбвтоз STRIPS 

Take a long strip of paper with parallel edges. Tf the ends 
are brought together and joined, a cylindrical surface is formed 
with two sides and two bounding edges. But if one edge of the 
original strip is turned through 180° before joinin g, the resulting 
surface has only one side and only one bounding edge (Fig. 196). 
Tt is usually called а M. obius strip after the geometer who first 
discovered its properties. Any point on the strip can be joined 
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to any other point on the strip by a curve lying wholly on the 
strip and not crossing the bounding edge. This is not the case 
with the ordinary two-sided surface. 

TThe bounding edge is not knotted, and can be deformed into 
a circle, carrying the surface with it, which must be allowed 


(a) 


Fic. 197. 


to intersect itself. If this is done the resulting surface is known 
ав а cross-cap. Of course it is still one-sided. Buch К от 
is shown in perspective and in a contoured plan in Figs. 197 
(a) and (b). 

If the strip is twisted through 360° 
strip of the second order’ results. It is t lly, if 
boundary curves, but they are linked together. Genera. a 
there are n half-twists before joining, we obe i ji d 
strip of the nth order. If n is odd, the surface is шалар 
possesses a single boundary curve which is knotted i ТАР 
if n is even it has two sides and two linked boundaries. 


before joining, & ‘Möbius 
wo-sided and has two 


(168) 


Fia. 199. 
(See p. 170.) 
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Some amusement can be had by cutting Mobius strips of 
various orders down their centre-lines. Tf n is even, two strips 
similar to the original result, linked together in the same Way 
as the boundary curves. If m is odd, only one strip results, 
similar to the boundary curve, i.e. for n > 3 it is knotted. It 
has 2n--2 half-twists: n for each circuit of the original and 
two extra gained when the coils are opened out. If the strips 
are trisected, the centre strip will resemble the original, but the 
outer strips will be single or a pair, like the result of bisection, 
and they will be linked to the centre ring- 


4.6. ONE-SIDED SURFACES AND THE KLEIN BOTTLE 

A closed surface with only one side seems at first sight to be 
impossible, but it is easily obtained in the following way. 
Take a piece of rubber tubing—an old piece of cycle inner- 
tube will do—and turn one end outside in, like a ‘flyped’ sock, 
or a non-spill ink-well. Push this down inside the tube and 
bring it out through a slit in the side, Then take it round and 
join it on (still inside-out) to the other end of the tube. The 
result is the Klein bottle, which has only one side, and no 
boundary. It can also be obtained (in imagination) by uniting 
the parallel edges of a first-order Mobius strip to form a closed 
tube, which necessitates allowing the tube to intersect itself in 
the above manner. It is deformable into a sphere with a small 
circle removed and replaced by & cross-cap, but most people 
find this far from obvious and very difficult to visualize. An 
algebraic surface with this form has equation 

аута yt) = atat by): 
А beautiful Klein bottle of blown glass was exhibited by Pro- 
fessor Hassó at the Mathematical Association's Visual Aids 
Exhibition in 1947. A diagram of the Klein bottle is shown їп 
Fig. 198 (а). With it (Fig. 198 (b)) is given а diagram of another 
famous one-sided surface—the quartic surface 
pot габ occae = 0. Ч 

This surface was investigated by Steiner who called it the 
‘Roman surface’, but in this country № is more commonly 
known by the name of its discoverer. Tt contains each axis as 
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a double-line, and has ‘pinch-points’ at (--1,0,0), (0, +4, 0), 
(0,0, 2:3). Further, it touches the plane 2--/--2 = 1 along the 
circle through the pinch-points lying in this plane, and contains 
three other similar circles in alternate octants. A model can 
be made of plasticine: it is well to begin with a fixed framework 
of three mutually perpendicular axes. 

4.6.1. This surface is homomorphie with (i.e. it can be con- 
tinuously deformed into) a polyhedron consisting of alternate- 
triangles of an octahedron joined by the three diametral squares. 
This obviously has the same symmetry and one-sidedness as 
the Steiner surface and is much easier to construct. A diagram 
of this polyhedron (the heptahedron) is given in Fig. 199 (a). 
Its net can be easily drawn if the trihedral ‘dimples’ are thought 
of as three separate triangular faces. The one-sidedness is most 
apparent if the surface is made of transparent material—cello- 
phane or thin celluloid sheet. The heptahedron is an ‘Archi- 
medean’ polyhedron in the broad sense, since all its faces are 
regular polygons and all its vertices are congruent. There are 
several other Archimedean polyhedra with diametral planes: 
the one depicted in Fig. 199 (6) is also one-sided; № has the 
squares and diametral hexagons of a cuboctahedron. Fig. 199 (с) 
shows the polyhedron referred to in 3.11 (2). It can be regarded 
as a 'deltahedron', or as consisting of the triangles and diametral 
hexagons of a cuboctahedron, It is two-sided, but the ‘sides’ 
meet at vertices, alternate triangles belonging to alternate 
‘sides’, In the case of the icosidodecahedron, either the tri- 
angular or the pentagonal faces may be removed and replaced 
by the diametral decagons; in either case a one-sided surface 
results of the same type as the first two depicted in the figure. 


4.7. SPHERE-PACKS 
This is a large Subject and difficult to visualize without 
models. The general sphere-pack borders on the subject of 
crystallography and is rather more than elementary, but it is 
worth while studying the two types of close-packing, because 
everyone has some experience of packing spheres—tennis-balls, 
golf-balls, oranges, or even marbles! 
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The best, cheapest, and most uniform spheres for demonstra- 
tion purposes are table-tennis balls. They can be stuck together 
with ‘Durofix’, or their waywardness can be overcome by con- 
fining them in a box or tray. This can be rectangular in shape 
to demonstrate cubic close-packing (face-centred cubic lattice). 
A square of sixteen. balls will be needed as base if it is desired 
to show the twelve neighbours of a given ball. The arrange- 
ment of the balls in three layers 1, 2, 3, and the base of a unit 
cube of the face-centred lattice are shown in Fig. 200 (а). 


ү 
0000 


Fie. 200. 


Alternatively, both cubic and hexagonal close-packing can 
be demonstrated with a hexagonal base-layer of twelve balls, 


packed 2-3-4-3 as in Fig. 200 (b). For hexagonal close-packing 


the third layer of balls stands vertically over the first; for cubic 
he fourth layer repeats the 


it takes the position indicated and t 

first. It is interesting to identify the two models of cubic close- 
packing; though unless a larger number of balls is used the 
complete facé-centred cube does not appear in either model. 
The hexagonal tray necessary to enclose the second pile of balls 
has alternate sides 1-+1/V3 
times the diameter of a ball. In 
for the stack are given by Hope-Jones, “The Rhombic Dodeca- 
hedron for the Young’, Math. Gazette, 20 (1936), 254, to which 
article the writer is considerably indebted. This article also 
discusses the connexion with the bee's cell, for which see also 
D'Arcy Thompson, On Growth and Form, pp. 526-44. 


The rhombic dodecahedron arises in the cubic case if we 
imagine each ball swelled out to meet each of its twelve neigh- 
the area of contact becomes a 


bours along the tangent plane; 


= 1:577 and 241/73 = 2:517 
structions for making a cover 
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rhombus, and the solids themselves are now rhombic dodeca- 


hedra. 
In the case of the hexagonal close-pack 
А the corresponding faces are rhombic, where 
a ball in layer 2 meets its three neighbours 
in each of layers 1 and 3, and trapezia, where 
it meets the six neighbours in its own layer. 
Dm The ball thus becomes a twelve-sided solid 
called a trapezo-rhombic dodecahedron. 

The cubic and hexagonal close-packings are 
equally dense—i.e. an equal number of spheres can be packed by 
either method into a volume sufficiently large for edge effects to 
be neglected. This is obvious from the second model, where the 
two are seen to differ only by the arrangement of spheres in the 
layers, both the number of layers and the number of spheres in 
them being the same. The fraction of volume occupied is the ratio 
of the volume of a sphere to that of a rhombic dodecahedron, i.e. 
to two cubes of sides rv2, i.e. 7/[3N2. These cubes can be seen in 
the first. model; the bases of two are shown in plan ia broken 
lines in Fig. 200 (a). They are exactly the height of a layer, and 
their centres are alternately occupied and unoccu pied by the 
centres of spheres. Hach sphere therefore requires two cubes. 
The rhombic dodecahedron is formed by adding to the faces 
of one cube six Square pyramids whose vertices are at centres 
of the neighbouring six (empty) cubes. These six pyramids 
exactly fit together to form one such cube, Hence again the 
volume of the rhombic dodecahedron is that of two such cubes. 

The hexagons whose vertices are the centres of the spheres 
of the second model are the hexagonal sections (3.12) of the 
lattice cubes (full lines) of the first model, displaced by the 
length of half an edge of the lattice cube. 
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4.8. METHODS оғ MODELLING SURFACES 


Models of surfaces are to be seen in most mathematical 
libraries and museums. The majority of these are made of 
plaster of Paris, which is not an easy material for the amateur 
to handle. If it is desired to attempt the construction of a 
plaster solid, the best material to use is ‘Pioneer’ plaster, or 
a similar slow-setting compound, which gives plenty of time for 
manipulation and can if necessary, when practically set, be 
carved with a knife. It may take a day or more to set fully 
hard. 

It is best to build up some kind of ground-work first. A sur- 
face designed to rest on a flat base can be built up in contoured 
layers of wood, plaster-board, or similar material, and the 
plaster employed only to fill in the gaps. This is the best way 
to make a plaster relief-map where contours can be traced from 


flat maps. For a more general surface а ground-work of wire 
rovised. For example, in the case of 


or gauze can often be imp: 
d in 4.6, а framework of wire circles 


Steiner's Quartic, describe 
joined by the axes may well be made the starting-point. Some 
f the surface is almost а necessity. 
n be cast in a mould of papier- 
it should be smoothed down 
when fully set, with 


guide for the moulding o 
Alternat/vely the surface са 
máché or layers of plaster-board; 
after a few hours with a knife, and finally, 


coarse glass-paper. : 
Modelling-clay is more suitable for the amateur; it can be 


fired if it is desired to make the model permanent, Plasticine 
can be used for temporary models. Here again for accurate 
work a ground-work is desirable. 
4.8.1. Functions of two variables. 
ing z = f(x,y) сап be modelled in severa 
method is to mark out the (2, y)-plane on а co 
base-board and. erect knitting-pins, hat-pins, от straws of the 


appropriate lengths at points, corresponding to definite values 


ofa and у. Integral values will usually be sufficient. 


A better method is an extension of the idea employed 2 
4.3.5 to build the quadrics from their circular sections. 


The surface represent- 
] ways. The simplest 
rk or wooden 
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consists of constructing cardboard sections which are inter- 
locked in the same manner as the partitions in an egg-box. 
Consider as an example the surface given by 2 = a?—y?+10, 
The vertical section through XOX’ is z = x?-|-10 (correspond- 
ing to у = 0). This is drawn on card and cut out ; the ordinates 
at ж = 2, 1, 0, —1, —2 are cut through from the base for just 
over half their heights. The vertical sections, parallel to this 


Y 


Van Ommaney” 3210128 3210123 
(c) (а) 
Ета. 202. 
one, corresponding to у = --1, у = +2 are constructed in the 


same way: their curves are z = 224-9, z = a2-16, and time is 
saved by using a template of the curve z = 27, which can be 
used for all. The sections perpendicular to these, corresponding 
to the values 0, +1, +2 of x, and whose curves are 
z = —.-F10 z= —y*-1l, z= —y?--14, 

are now constructed, but the ordinates here are cut from the 
top down to just over half-way. If the cardboard is thick, the 
cuts will have to be widened, but otherwise the sections can 
be slipped easily into place. Lastly, the four outermost see 
tions, whose curves are z = 1224-1, z = —9?--19, are made and 
fitted into place. These need only two cuts each, as shown, as 
they surround the whole. If it is considered desirable the 
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interior ean be filled with clay or concrete. A suitable scale 
for this model is 1 inch for œ and y units and } inch for the z 
unit. 

Another method is to build up horizontal layers of wood cut 
to the shape of successive contours. 'The eurves corresponding 
to the values z = 1, 2, 3,..., 18, 19 are 


а%—у% = —9, а%—у% = —8, E 


202—1? = 8, vay 107 


ANT 


AUN 


с 
NN 
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The curves can be drawn on squared paper glued to three-ply 
wood and cut out with a fret-saw. Modelling clay or putty can 
be used to round-off the steps, but it is not necessary. 
Alternatively, we can construct the sections of a surface by 
planes z = constant and cut them out of cardboard for equal 
intervals of 2 over the range desired for the model. Draw оп 
these sections lines parallel to an axis, say the a-axis, at equal 
intervals of y, and cut slots in them from the edge of the section 
inwards for a fixed distance. Now on another set of cards 
prepare the sections by the planes У = constant, at the same 
intervals of y. Draw again the linies parallel to the a-axis and 
slot them to within the fixed distance of the edge, 80 that they 
can be pushed into the slots of the other cards, and so build up 
the surface by means of а rectangular network of cards as 
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‚ before. See Fig. 203, where a cubic surface of the form 

2 = a%(e—3)—y? 
is shown under construction in this way. This surface can be 


conveniently made from z = —2 to 6. Other surfaces suitable 
for sectional construction are 


z = (x?--y?— с?) — 462? 


and sog (231—399), 


Fra. 204. 


from z= —3 to +3. This last is a surface called the monkey- 
saddle, because it has a third depression for the tail. 

4.8.2. Use of glass plates. The same principle can be 
carried out in a different way. The sections of the surface by the 
planes 2 = constant can be drawn with a chinagraph pencil on 
glass plates—lantern-slide cover-glasses are excellent for the 
purpose and can be obtained very cheaply—which are then 
mounted in parallel planes. For a single model the glass plates j 
can be spaced by slats of wood along opposite edges—wooden 
spills will serve—and clamped together. But if a number of 
surfaces are to be shown a wooden rack can easily be used, either 
a photographic plate-drying rack, or a home-made article which 
can be constructed by cutting parallel horizontal grooves in 
two vertical side-pieces as in Fig. 204. The eye integrates the 
sections into a surface quite satisfactorily if the interval is not 
too great. 

4.8.3. Use of a lathe. Obviously any solid of revolution can 
be turned on a lathe; the construction is facilitated by cutting 
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a template with its edge in the form of the curve whose rota- 
tion generates the solid. If the tool can be traversed at an 
angle to the axis, a cone can be cut mechanically; if, which is 
rarely possible, the cutter can be moved along a line skew to 
the axis, the one-sheeted hyperboloid will be produced. 
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5.1. MODELS IN MECHANICS 


Іт is not intended in this book to give any account of the 
apparatus available for teaching mechanics, which can be found 
described in manufacturers’ catalogues and in text-books. 
Because of its associations with the science department, this 
branch of mathematics has for long given an honoured place 
to practical work. A caveat may, however, not be out of place 
here: in the authors’ experience, the simpler the apparatus used 
the better. The best aid to mechanical understanding is in- 
telligent observation of everyday happenings. The window- 
frame, the bicycle, the hanging picture, the railway train, and 
the sailing-ship give more insight into the principles of mechanics, 
and certainly more appreciation of the complexity of real pheno- 
mena, and the great simplification brought about by abstrac- 
tion, than any number of pulleys, strings, and trolleys designed 
to show special laws. Models of pulley-systems are useful, but 
more impressive is the real thing—a builder’s hoist, the tackles 
on a main-sheet, or the Weston pulley in the goods-yard. 

The models described in the following pages are worth making 
for a different reason; either because they are paradoxical, and 
provoke thought and discussion, or because they are of geo- 
metrical interest and worth studying at close quarters. 

5.1.1. The cone that runs uphill. This is a well-known 
paradox, the principle of which is simple and the performance 
surprising. A roller is made by uniting two congruent, circular 
cones by their bases. It is placed on two inclined tracks meeting 
at an acute angle. This angle is sufficiently great for the axle of 
the cone actually to descend while it appears to roll up the in- 
cline (see Fig. 205). If o is the semivertical angle of each cone, В 
the inclination of the tracks to the horizontal, and у the angle 
between them (in a horizontal plane), the condition for this is 
siny > sinBcota. A suitable value of y is easily found by trial. 
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To make a model, the cone can be turned from solid wood, 
or made hollow out of cardboard sectors which are glued to the 
central circular disk. Alternatively two plastic funnels can be 
cemented together by their rims, or two small conical flasks can 
be cemented together by their bases. Flat plywood slats will 


AN 


Fra. 206. 


serve for the inclines, standing on their edges, and joined at the 
head and foot with plywood cross-pieces. 

5.1.2. The centrifuge. This is an instrument widely used 
today to increase the rate of sedimentation of suspensions; in 
the form of the cream-separator it is tolerably familiar. A model 
which demonstrates clearly the effects of acceleration on a 
system can bé made which is both simple and convincing. 
Fig. 206 shows such a model, made from wooden toy-wheels, 
‘Juneero’ strip, and a pill-file. The two test tubes are filled 
with water; one contains a cork and the other a small lead bob 
ог а round pebble. When the model is rotated, the pebble rises, 
as might be expected, but the cork sinks, which at first is hard 


to understand. 
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5.1.3. A friction paradox. Two rollers are mounted on 
perpendicular axles in different planes. An endless thread passes 
round them and connects them, both directly and with a cross- 
over, as shown in the diagram (Fig. 207). The instrument is 
somewhat capricious, but the following phenomena can be 
demonstrated with it. 

(a) One roller is rotated continuously in one direction. The 


Ета..207. 


other starts in one direction, but if temporarily stopped 
with the finger continues in the opposite direction. 

(b) One roller is rotated to and fro through a small angle. 
The other roller rotates continuously in the same direc- 
tion. 

The apparatus shows that dynamical friction is less than 
statical, but a full explanation is complicated, if indeed it i8 
possible, and certainly involves consideration of the elasticity 
of the connecting belt. 

5.1.4. Non-circular rollers. There is only one curve of 
constant radius, the circle. An efficient wheel, mounted on & 
fixed axle, must therefore be circular. But it is not generally 
realized that the circle is not the only curve with constant 
width. In: fact there are infinitely many such curves, and à . 
wide variety of forms is possible for an efficient roller. 4 

A simple example сап be constructed by taking an equi 
lateral triangle and describing on each side an are whose centre 
is at the opposite vertex (Fig. 208). It is easily seen that the 
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width (defined as the distance between parallel tangents) is 
constant and equal to the radius of the ares. This curve has 
points de rebroussement where the gradient is discontinuous, but 
this is easily avoided as shown in the second diagram: all the 
arcs are centred at the vertices of the triangle. 


Fra. 209. 


More generally, a curve of this type can be constructed from 
any triangle A BC as follows (see Fig. 209). } 
Draw an arc оу with centre A and radius k—a 


and "EE aux k—b—c. 
Then draw ” В, » В » k—b, 
” В, » В » k—c—a, 
» Yı ” 0 ” k—c, 
(055% k—a-b, 


» ya ” р 
where Іс is arbitrary, but greater than the sum of any two sides 


of the triangle. 
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` It is evident, from the fact that 
radius of o-|-radius of а, = radius of В, -|-radius of B, 
= radius of y,-|-radius of уз 


that these ares form a closed curvé with constant width 
2(k—s) = d, say. Further, the total length of this curve is the 


Fra. 210. 


same as that of a circle of diameter d. For the length of о, and 
аҙ together is Ad, and so on; thus the total length is 

(A+ B-+-0)d = па. 
This last property is true for all curves of constant width. 

Instead of the triangle ABC we may take any odd number 
of vertices forming a convex polygon; Fig. 210 shows the con- 
struction for five vertices ABODE, joined by a pentagram. 

It is interesting to make a model of some of these rollers. 
Cut the curves out of plywood in congruent pairs and mount 
them on axles to which they are rigidly bolted. A flat board 
resting on the rollers can then be rolled along quite level in its 
own plane, but the rollers themselves move in a curiously 
irregular manner. 
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There is а three-dimensional analogue in the form of a 'tetra- 
hedron’ bounded by triangular spherical caps, but it is difficult 
to make. 

5.1.5. Parabola and catenary. These curves are of fre- 
quent occurrence in everyday life, and a model can easily be 
set up to show the difference between them. Тһе parabola 
appears in the path of a cricket ball, the shape of the suspension- 
bridge cable, and the parabolic reflector; the catenary is seen 
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in the hanging chain, telegraph wire or electric transmission line, 
and in the curve of a sail, or а cylindrical soap-film stretched 


between two plane circular ends. : 
In the case of the catenary, the load is distributed uniformly 


along the length of the chain. For the suspension bridge, how- 


ever, the ideal arrangement is to have the uniform horizontal 


load supported evenly. by the vertical ties. It is easy to show 


that in this case the points of attachment of these ties to the 


hanging chain lie on a parabola. 

вор there is а сінді tie A, By (Fig. 2n (а), and let 
А, B,, А, Ba, ete., be vertical ties at equal horizontal distances 
h. Draw the reciprocal diagram, Fig. 211 (b). The vertical m 
RyRy, RyRy В.Ф, @ Qu... are all equal, being equal to the 
vertical loads in the ties. Thus the slopes of PQ, РО, eto., 


which are the slopes of By By В, B, ею. are in arithmetic 


progression: 
к tan NPQ, = k(r—})- 
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"Therefore we have 
0.—9,-1 = kh(r— 3), 


ia 
Therefore, by addition, y,—y, = a Pi (2r—1) = 5 s 


1 
Thus the points B, Не on the parabola y = 22/2), with vertex 
at Ву. 

The heavy snake-like chains used for key-chains and watch- 
chains make excellent catenaries; a heavy cord can be used, 
but is apt not to be uniformly flexible, and a chain of small 
links is better. A suspension bridge can be made for comparison 
by hanging a heavy horizontal rod by fine threads from a similar 
cord ог chain. This needs accurate work in measuring and 

‚ fastening the threads, but is very effective if well done. Mark 
off a series of equal intervals on the rod, beginning at the centre 
and working outwards in each direction. Attach a thread to 
the rod at each mark. If J is the length of the centre thread, 
the others should be, proceeding in order from the centre, 
I+k. 12, +h. 2%, 14-Ё.3%, etc., where Ё is any convenient length. 
(For a 3-foot span, with threads every 1} inches, k = {у inch 
gives a reasonable sag of 14-4 inches.) At exactly these distances 
along the threads, tie a short cross-bar (à short pin will serve). 
Hang up the rod by the end threads and adjust a fine chain 
so that it will hang freely in a catenary in such a way that the 
two end threads and the centre thread could just be hung from 
it without disturbing it. Next, shorten the chain so that the 
centre rises about 0-6 inch with the above measurements (in 
general, 4h/15a?, where № — the sag and а = the span); pull 
down the centre link and hang the centre thread from it. Now 
raise the other threads in turn, keeping them vertical, and slip 
the pins through the appropriate links in the chain so that they 
hang from them. The chain should by this means be pulled 
out into the parabolic form. Minor adjustments can be made 
to trim the final curve. An easier method is to hang equal 
weights at equal horizontal distances along a hanging chain. 
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Tf a parabola is cut out of card and rolled along a line, the 
path of its focus is a catenary. This cannot be seen behind the 
parabola, so it is best to cut the parabola from celluloid or 
‘Perspex’ and mark the focus by a spot or a small hole. 

The paraboloid of revolution, obtained by revolving the para- 
bola about its axis, is the surface taken up by а fluid rotating 
under gravity. If a torch-bulb is hung at the focus, the property 
of the parabolic reflector can 
be shown and the emergent 
parallel beam of light can be 
seen in a darkened room. The 
best results are obtained with 
mercury, but caution and a slow 
start are recommended, so that 
one can be sure that every- 
thing is accurately centred 
before the situation gets out of Fio. 212. 
control. A gramophone turn-. 
table can be used to rotate the beaker or other vessel contain- 
ing the fluid,t but it must be rigidly and centrally fixed to it. 

The catenoid, i.e. the surface formed by rotating a catenary 
about its directrix, is a minimal surface, having minimum area 
within a given boundary. This is the form taken up by а soap- 
film spanning two coaxial circular disks. Other minimal-surface 
problems can be demonstrated with soap-films; a full account 
is given in What is Mathematics? by Courant and Robbins, 
chap. vii, § 11. , 

5.1.6. Cycloid. The cycloid is the path traced out by a point 
on the circumference of a circle which rolls on a straight line. 
It can be demonstrated very easily from the definition. Take 
a wooden slat about a foot long and } inch square and glue 
a card to the back by its lower edge. A circular disk can now 


be rolled down the slat and the cycloid traced on the card 


(Fig. 212). ; ; m 
The cycloid has two famous mechanical properties. Christian 


Huygens discovered that it is a true lautochrone; that is to say 


+ А tin of golden syrup will serve. 
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that a particle moving under gravity оп а cycloid, with its arch 
downwards and cusps upwards, will execute exact simple har- 
monic motion, and therefore describe paths of different ampli- 
tude in equal times. Jacques Bernoulli proved that in this same 
position it is also a brachistochrone; i.e. it is the path along which 
a particle can travel from one point (the cusp) to a lower point 
under gravity in the shortest possible time. 

These properties can both be demonstrated by constructing 
a cycloidal track on which a ball can roll. This is most easily 
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set up by cutting two plywood sheets and spacing them with 
washers (see Fig. 213). А straight incline can be made for 
comparison; the time taken for a ball to travel from A to B 
along the cycloid will be less than along the straight line AB. 


5.2. MODELS IN STATISTICS 

The chief adjuncts to a study of statistics are packs of cards, 
sets of dice, coins, to say nothing of roulette wheels, football 
pools, racing odds, totalizators, and other apparatus providing 
the gambler with his thrills and the bookmaker with his money. 
Many statistical experiments require the tossing of large num- 
bers of coins, and for this purpose mechanical assistance is 
useful. 

5.2.1. A simple coin-tossing machine. This consists of 
a box to contain the coins, roomy enough for the number 
required to lie on the bottom without overlapping, and deep 
enough for them not to jump out when tossed. The top is open 
for observations; if a hinged lid is provided, the box can be 
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shallower. The bottom of the box is perforated with a large 
number of holes. A movable board beneath carries pins on its 
upper surface which project through the holes when the board 
ig raised and strike the coins on the under side. This board is 
pivoted amidships, so that a blow on the other end raises it 
and tosses the coins (see Fig. 214). 
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5.22. The Galton Quincunx. Suppose a steel ball rolls 
lined board, and strikes 


down a line of greatest slope of an ше d strike 
a pin in its path. It is not difficult to imagine conditions in 


which it has an equal chance of rebounding to the left or right 
of the pin. If two pins are now placed on а horizontal line lower 
down the board and the angle of slope is correctly adjusted, 
the ball will hit one or other of them after it rebounds from 
the first pin. Again № may happen that for small variations 
of its path it has equal chances of falling to left or right of these 


"m i f both 
The probabilities therefore of falling to the left of both, 
he right of both, should be in the pro- 


tinued and it is plain 
etween the different 


between them, or to t 
portion 1:2:1. The process can be con 
that the probabilities of а pall passing b 
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pins of а row are proportional to the numbers in Pascal's 
Triangle: 


Fra. 215. 


The distribution of probabilities.along the nth row is thus 
proportional to the coefficients in (1--0)”. Such a distribution 
is called a binomial distribution, 

A board of this kind is called a Galton Quineunx, after the 
name of its inventor; + quincunz is the Latin name for the 5 (:-:) 
on a die, or any similar pattern: for example, trees in an 
orchard. An example is shown in Fig. 215. Steel balls or lead 
shot may be used, and the partitions at the base are of such & 
height that two balls cannot rest on one another. A glass plate 
lies on top to prevent this. The board is first tilted so that the 


T Francis Galton, Natural Inheritance, 1889. 
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balls run into the reservoir shown at the top of the diagrams, 
the gate being removed. The gateis then replaced and the board 
tilted like a bagatelle board. When the gate is removed the balls 
roll down and are deflected by the pins into the compartments 
at the bottom. If the angle is suitably adjusted, the numbers 
in the compartments can be made to approximate closely to the 
binomial distribution. For large numbers of both shot and rows 
of pins this distribution approximates to the standard error 
curve y — ke-*"?s", where k and s are constants. The curve 
formed by the columns of shot in the compartments should 
therefore give a rough idea of its shape. 

5.2.3. Statistical evaluation of т. Tf a stick of length 1 
is thrown at random onto a surface ruled with parallel lines 
whose distance apart is а (> 1), then the probability of its cross- 
ing a line is 2/та. For if its centre falls at а distance ж from 
a linc, and it makes an angle 0 with the direction of the lines, 
it will cross a line if ж < 810. г 

Therefore for this value of 0, assuming all values of z from 
0 to Ja equally likely, the probability that it crosses a line is 
lsin 0/а. Hence the total probability, averaging over all 0, is 


таа 2l 

Munch 22 [ sing =>. 

Í = af |а Lfs m 
0 0 


0 
[We assume / < а, otherwise for certain values of 0 the result 
fferent.] In practice 


is a certainty and the average will be di 
it is best to choose J about фа so that the probability is about $. 
To carry out the experiment, matches can be thrown onto paper 
ruled with equidistant lines, or pencils onto а boarded floor, if 
the lengths are suitable. Results within about 5 per cent. can 
be expected from a few hundred trials. 


5.3. MACHINES FOR Sonvina EQUATIONS 


There is an ever-present fascination about à machine which 


will perform a mathematical process. Тһе amateur is amazed at 
machine to perform what, to 


the possibility of constructing i 4 
him, is a laborious mental process, while the advanced wor * 
feels that it is right and proper that a machine should take 
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‚ away the drudgery from purely routine computation. In actual 
fact, machines have not been highly successful in dealing with 
‘mechanical’ mathematical processes until recently, when the 
advent of electronic machines such as ENIAC and EDSAC has 
revolutionized our whole conception of what a machine can 
do. Hitherto, apart from the straightforward arithmetical 
machines like the Comptometer and the Brunsviga, machines 
for other processes have been few, and, unless extremely delicate 
and complex, inaccurate. E 

Models of the electronic machines are of course quite out of 
the question for amateur construetion. But simpler machines 
of other types have been made by amateurs, and the first Bush 
differential analyser made in this country was a Meccano 
model. At least two simple forms of this machine have been | 
made by school Sixth Forms, and also a model of the Mallock 
electrical machine, both of which we shall describe. 4 

5.3.1. The hydrostatic equation-solver. We Берт with 
rather a crude machine whose principles are elementary. Very 
accurate results are not to be expected. A 

Suppose a cone is immersed point downwards in water. The 
volume immersed, and therefore the upthrust of water on the 
cone, is proportional to the cube of the depth immersed. For 
a wedge it would be proportional to the square of the depth: 
for a cylinder, to the first power. Finally, the upthrust оша 
totally immersed body is constant. If, therefore, we hang a seb | 
of such bodies, made of a material which is denser than water, 
from a horizontal beam, and immerse them in a trough of water, 
we can arrange that when the depth of water is x, the moment 
of the upthrusts about a point of the beam will be an expression 
of the form aa? --ba?- -ex-L-d. By adjusting the depth of the 

water until this moment is zero, i.e. until the beam balances; б 
we obtain а solution of the cubic equation аа-а? == 0€ 

For simplicity we should prefer to have a, b, c, and d measured | 
in the same units along the beam; we must arrange the dimen- 
sions of the immersed bodies accordingly. One possible set of | 
dimensions is as follows. Let ш be the unit in which « is to be 

measured. (This need not be the same as the unit for а, 0,% 
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and d.) Let the submerged body be а sphere of diameter ju. 
Then the cone must have semi-vertical angle tan-1} = 14° 2’. 
For example, if its height is 10u, its base-diameter will be 5u. 
If the wedge is isosceles and tapers at the same angle, its thick- 
ness must be zu/12; so that if its height is 10ш, its base is a 
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rectaagle бих 0:2618и. The cylinder must have а diameter of 
2 = 0:1443и. 
4N3 


Again, the height can be 10u. The machine will then solve 
equations whose roots are between 0 and 10, 

A possible set-up of the machine is shown in Fig. 216. If 
a, b, с, or dis negative (and one must be), the corresponding body 
will be suspended to the right of the pivot; d is negative in the 
diagram. W is a counterpoise which is moved to balance the 
beam when there is no water in the tank. Water is run in until 
the beam balances again, and the height of its surface above the 
lowest points of the bodies, which must all be in a horizontal 


line, is read off from a scale. 
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The machine will only read positive roots. To find negative 
roots we transform the equation by writing x = —y. 

5.32. The Mallock electrical machine. This machine is 
fully described in Proc. Roy. Soc. A, 140 (1932), 457. It is 
used to solve simultaneous equations by means of magnetically 
linked electric circuits. The original machine, now in the posses- 
sion of the Mathematical Faculty at Cambridge, could handle 
up to eleven simultaneous equations with coefficients ranging 
from — 1-000 to -- 1:000, to three decimal places. 

A simple model to illustrate the principle for two equations 
can be made without much difficulty. Great accuracy is not to 
be expected. Suppose the equations to be solved are 


ax-+-by+e = 0 
pa+gy+r = o) 
Replace these by the homogeneous pair 
ax-+-by+cz = 0 
pu-4-qy4-rz = 0 | 


Consider the circuit diagram of the machine shown in Fig. 217. 
If x, y, z are the rates of change of flux in the three transformer 
cores, and two circuits are wired up as shown with turns on the 
cores proportional to a, b, c and p, q, respectively, then the total 
e.m.f. in the first circuit will be Хаз--5у--сг) and in the second 
A(pz--qy--rz). If therefore the circuits are closed and their 
resistances small, the equations will be approximately satisfied, 
assuming there is no magnetic leakage. Of course nothing will 
happen at all unless one of the cores is excited. Suppose then we 
connect an alternating e.m.f. to a standard coil of k turns on the 
z-transformer. The ratio 2/2 can then be read by connecting 8 
similar coil on the t-transformer to a variable coil on the ‘balan- 
cing' transformer of which the primary is another standard coil 
of k turns. The number of turns on this coil is adjusted until 
no current flows in the galvanometer @. In practice, out-of- 
phase components will arise from hysteresis and other causes, 
which have two results, In the first place the reading of @ will 
only show a blunt minimum; secondly, large errors arise if 2/2 
is greater than unity. The first can be overcome by replacing 
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@ and the rectifier by a sensitive wattmeter, the fixed coil being 
energized by the original source of supply, thereby ensuring a 
change of sign on passing through the root. This is usual in 
a full-scale machine, but the expense would not be justified in a 
model. The second is an inevitable concomitant of the design 
of the machine, and arrangements must be made to enable us 


Fio, 217. 


to excite any one of the standard coils and to read either of the 
others. The ‘largest root’ can be found by trial. Fortunately 
this is a simple matter of switchgear. 

For the purposes of a model, а 4-volt mains transformer can 
be used for the supply, and the cores ean be obtained cheaply 
from burnt-out output transformers from radio sets. If the 
coefficients are to read from 1 to 10, the corresponding coils 
could have 50 to 500 turns, and the standard energizing or 
reading coils 200 turns. Large ratios are to be avoided, A cross- 
over switch in the balancing circuit will be necessary to accom- 
modate negative roots. Negative coefficients can be handled by 
having a plug-and-socket arrangement for the equation circuits; 
when a coefficient is zero the corresponding sockets are short- 
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circuited; when it is negative the leads to the sockets are 
interchanged. Yaxley switches are useful for controlling the | 
coefficients and the reading circuits. In the actual work of 
construction it is most convenient to prepare a small distributor 
board for each transformer as it is wound; the various tappings 
are soldered to the terminals on the board as they are taken from 
the windings. Then when the final connexions are made it is only 


hard steel wheel 


lightly Flexible rod 
s Ц To torque 
amplifier 


Drive to. 
rotate disc 


Drive tp propel 
carriage 
(threaded rod ) 


Fra. 218. 


necessary to connect these terminals appropriately. This makes 
the work much easier than if the tappings are connected direct, 
and also facilitates checking and the elimination of errors. 

5.3.3. The Bush differential analyser. A full account of 
this machine was given by Professor Hartree in Math. Gazelle, 
22 (1938), 342. No machine was more inappropriately named, 
for although the machine will carry out Fourier analysis, its 
essential function is integration and its method is fundamentally 
synthetic, 

The essential part of the machine is the integrating unit, 
which consists of a circular disk, rotating in a horizontal plane 
about a vertical axle, on which rests a small wheel at the end of a 
horizontal axle, the two forming a variable gear (see Fig. 218). 
Eitherthe disk or the wheel must be capable of horizontal motion, 
usually the disk, as the wheel must be coupled to a torque 
amplifier (see below). 

When the wheel is y' units from the centre of the disk, and the 
disk rotates through an angle 4х’ radians, the wheel turns through 
an angle Ку’ dz’, where К is a constant factor. The displacement 
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y' of the disk is effected by rotation of a screw-threaded rod A; 
the rotation da is obtained through a worm or bevel gear from 
another rod В; and the small wheel rotates, through the torque 
amplifiers, a third rod C. If y is the total rotation of rod A, at 
the instant when the rod В has turned through т revolutions, 


т 
then the rod C will have made À | y dæ turns, where Ais а constant 
0 


factor depending on the various gear ratios and pitches of the 
screws. Suppose the rod B is rotated by a motor, which also 


screw 
to advance 
carriage 

in x-direction 


‘rod to advance pointer 
Ds y- direction 


Fia. 219. 


drives a platform uniformly across a graph у = Де) in the 
direction of the z-axis (see Fig. 219), while a screwed rod D, 
operated by hand, keeps a pointer always on the curve; then if 
D is geared to the rod A, the area will be measured on a suitable 
scale by the number of turns made by С. 

This is the straightforward use of the machine as an integrator. 


But by coupling one integrating unit to another in various ways 
n example, 


we can use it to solve differential equations, Ава 


let us take 5% = — ky. We can write this in the form 2 = fy dz, 
т 


z dx. Let us call the rods of one integrator Ay By, с 
ponding rods of a second integrator 
a motor drives В, and B, at the 
that of С, will be 2 


—y =k 
as before, and the corres 


Ay, B,, and Сь. Now suppose 
same rate, dx/dt. If y is the rotation of Ay, 
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. on а suitable scale. We therefore use C, to drive A, through a 
gear train, with ratio 7,, say. C, then generates y by its rotation, 
and can be used to drive A, through another gear train with 
ratio —r, (i.e. with a reversal of sense). 


We then have AER Í Ida О if 2,02, Za = ТІП 


Yı = --")) the suffixes referring to the corresponding inte- 

grators. Finally 

4 d? 

TA = Ma = Ау, = Аат, f dis Tu = Ани 
F 


TOC 


Ета. 220, 


во that by suitable choice of gear ratios the equation is solved. 
У» can be drawn as a function of z by the same method as before і 
(Fig. 219); B is driven by the motor and D by the rod О. The 


initial conditions are the values of y and z — z when x = 0; 
dx 


they are fixed by the positions of the carriages at the start. If 
the gear-ratios and initial conditions are chosen so that if 
212,77, = л, y = Asin ng and z = A сов næ, then, if yis made to 
drive the rod D and z the rod B, the pointer will describe a circle. 

The only other element of the machine necessary to solve 
simple integral equations is the adding unit, which adds together 
the rotations of two rods, This is shown diagrammatically in 
Fig. 220, and resembles a differential on a motor-car. The 
pinions P rotate freely on the axle which is carried by the frame 
F bolted to the gear-wheel G. This is driven by a pinion on the 
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rod D. The spindles A and В rotate freely іп the frame F, and 
are attached to erown-wheels О, which engage the pinions P. 
Then the rotation of A--the rotation of В = twice the rotation 
of G. Multiplication by a constant factor can be effected by 
gearing; multiplication of two variables requires the use of an 
integrator. 

Тһе main technical difficulties in the construction of the 
machine are the integrating plate and the wheel, and the torque 
amplifiers. The disk must be accurately plane; a sheet of glass 


input 


mounted on a rigid support does very well, or a sheet of plastic. 
For the wheel a hard steel wheel should be used with its rim 
ground to a bevelled edge. If the spindle on which the wheel is 
mounted is sufficiently long, it will be flexible enough to ensure 
adequate pressure between wheel and disc; if necessary, however, 
a universal joint can be inserted in it. 

Тһе drive from the steel wheel is very feeble, and has to be 
boosted by a torque amplifier. This is shown diagrammatically 
in Fig. 221. A and В are two highly polished drums attached to 
pulleys which idle on the shafts С and D. Cis the shaft from the 
integrating wheel, and to it is attached by a crank a short arm 
Е. Dis the output shaft, which will normally be the input shaft 
of a second stage of amplification; two stages are usually neces- 


sary and sufficient. The output shaft of the second stage is 


coupled to the rest of the machine. The shaft D carries a crank 
d F are, connected by cables of 


bearing a similar arm F. E an ed by ' 
narrow tape or gut which are wound two or three times in opposite 
senses around the drums. The drums are rotated at high speed 
by an electric motor, again in opposite senses aS indicated. If 
С rotates so that Æ moves into the paper, the cable on B will 
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tighten and the rotating drum will pull F over until it becomes 
slack again. If C rotates in the opposite direction drum A comes 
into play. The drums must be kept highly polished and lubri- 
cated with tale or graphite; otherwise the amplifier may ‘hunt’, 
or seize up altogether with disastrous consequences. Apart 
from these items, a model can be made of standard Meccano 


Fig. 222. 


parts. The chief inaccuracies arise from backlash, which should 
be reduced to a minimum; spring-loading the gears is a help, but 
in a full-scale machine special steps are taken to overcome it. 

5.3.4. The Amsler polar planimeter. This is undoubtedly 
the simplest and most practicable of the integrators. It is 
reasonably common in the offices of estate agents from which it 
may be possible to borrow a model for examination. As the 
machine really works by a difference method, it has to be very 
accurately made to get good results. Nevertheless, the principle 
can be demonstrated by a home-made model without difficulty. 
The instrument consists of two rods OA, AB hinged together 
at A (Fig. 222). The point О is kept fixed (by a pin through the 
rod pressed into the drawing board), and at В is a pointer which 
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is carried round the perimeter of the area required. The rod AB 
carries a wheel W with a bevelled edge which rotates when the 
rod moves perpendicular to itself but slips when it moves in its 
own direction. The angle turned through by the wheel is pro- 
portional to the area, which can therefore be read off from а scale 
attached to the wheel and suitably calibrated. In fact, the area 
swept out by B if A returns to its original position = АВ х 
distance rolled by wheel. If A completes a circuit of O, a constant 
area, т(а?— 2be-+b2), must be added to the reading of the wheel. 


Fra. 223. 


In commercial machines the wheel is usually carried on a side 
axle mounted in very accurately alined bearings, or else on an 
extra spindle behind the hinge A. The hinge itself i& some- 
times а ball-and-cone arrangement; à vertical pin with a spherical 
end on the rod OA rests in à conical hole drilled in the rod АВ. 
The fundamental principle of the instrument can be proved 
either by integration, or as follows. Let the point B undergo the 
following cycle of movements (Fig. 223). 
(1) Rotate ОА to OA, and let AB move parallel to itself to 
A, В,. Then the area swept out by AB = b6p,, where 
= AB, and dp; = distance rolled by W = distance 
between AB and A, By. 
(2) Rotate A, B, about A, to A, Ba; 
angle 60. 4 
(3) Rotate ОА, back to OA, A, В; moving parallel to itself 
to AB,. Area swept out by AB = b Spy. ! 
(4) Rotate AB, into its original position AB. W rotates 
through an angle —ô9, cancelling out the effect of opera- 
tion (2). 
Thus the area BB, В, Bs = bP: 


W rotates through an 


—8p,) = b x distance rolled by 
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W. Since any area can be supposed divided into elementary 
eurvilinear parallelograms of this type, the result is general. 
If the angle OA B is held rigid, and B describes a complete circle 
about О, then if OAB = a, OWA = В, OW = x (Fig. 224), 
area swept out by В = c(a?--b?— 2ab cosa). 
But the reading of the wheel = b x distance rolled by wheel 
= bx 27a cos p, 


Fia. 224. 


since the tangent to the path of W makes a constant angle В 
with the normal to the rod АВ. 
Therefore the excess of the area swept out over the reading 
of the wheel = z(a?-I-02— 2ab cos o) 2rbx сов B 
= m(a?--0*) — 276 (а cos a-I-x cos B) 
= m(a?--0*— 2bc). 


5.4. PLANE LINKAGES 

There is something very attractive about the motion of a 
linkage of rods, Who, for example, is not fascinated by the sight 
of the connecting-rods of a locomotive, especially one adorned 
with an external Walschaerts or Stephenson valve-gear? Not 
only is the study of link-motion a useful and important part of 
kinematics, it also introduces several interesting loci and enve- 
lopes and brings in geometrical constructions and analytical 
geometry. 

Linkages can be constructed in several ways. The simplest is 
to cut strips from cardboard (about 10-sheet), and join them with 
paper-fasteners, or drawing-pins with points uppermost. A 
more permanent model can be made from steel strapping—the 
sort that is put round crates and is usually thrown away. This 
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can be drilled and joined with metal eyelets, stationers’ or 
shoemakers’. For exhibition purposes the links can be made 
from Juneero strip, joined with bolts and stop-nuts, lacquered, 
and mounted permanently on a board. If two or more links are 
to be equal in length, drill them simultaneously. 

5.4.1. Approximate straight-line motions. Foremost in 
historic interest is the problem of producing straight-line motion 
by linkwork. Before the days of straight guides it was difficult 


Fro. 226. 


to maintain true linear motion, e.g. in the pistons of beam 
engines. The earliest, attempts produced a motion which was 
only approximately linear, but they were in their day a great 
step forward. James Watt is said to have been more proud of his 
link-motion, which he discovered in 1784, than of his steam- 
engine. 

The approximate straight-line mo 
that they are all three-bar linkages. Two equal bars hinged to 
fixed points are hinged to the ends of a third bar. A point P 
carried by this bar generates the approximate straight line. 
In fact it generates a sextio curve, which may be very nearly 
straight in the neighbourhood of an inflexion. Jt is necessary 
to have at least five bars for exact straight-line motion (Hart 
and Kempe, 1877). 4 

5.4.1 (а). The first motion is James Watt's (1784), shown in 
Fig. 225. Bars AC and DB are equal, and P is the mid-point of 
CD. The path of P approximates more closely to a straight line 
as the bars AC and BD are lengthened. If 

AB = 0р 
— 42 AC = v2 BD, 


tions have this in common, 


P describes Bernoulli’s lemniscate. 
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5.4.1 (b). Tchebycheff’s motion (1850) is shown in Fig. 226. 
Here AC = DB = 5a, AB = 44, CD = 2a, and P is the mid- 
point of CD. The height of P above AB is 4a both when CD is 
horizontal and also in the two positions when CD is vertical. 

5.4.1 (c). Roberts’s motion (1860) is a still closer approxima- 
tion (Fig. 227). Here АС = BD = CP = PD, and 0р = 1A B. 
Р is carried by the plate. P lies on A В again in the central and 
the two extreme positions. AC/CD must exceed 1(v33—1). 

5.4.2. Exact straight-line motion. The first successful 
solution of the problem of exact linear motion was put forward 
by Peaucellier, an officer in the French Army, іп 1864.1 The 
_ linkwork he used was afterwards employed to control the pumps 
in the ventilation system for the Houses of Parliament. 

Kempe, a London barrister, who also succeeded in solving 
the problem, published a book in 1877 with the alluring title 
How to draw a Straight Line, in which the following linkages 
are described. 

5.4.2 (а). Peaucellier’s linkage, which is much the most 
efficient in practice, is essentially an inversor, and can be used 
- for many other purposes. Tt has two forms (see Fig. 228). 
OAPB, QARB are two rhombi of hinged rods with a common 
diagonal AB. OQRP are therefore collinear. Tt can be proved 
without difficulty by Pythagoras's Theorem that 

00.Р0 = 09:08 = 0A*—AQ = constant. 


Hence if О is fixed, Q and R describe inverse curves, and de is 
fixed O and P describe inverse curves (with an imaginary us 


of inversion). 

Now the inverse of a circle venere to a point on its 
circumference is a straight line. Therefore 
of any length r connecting Q with a point С fixed in d n 
and fix О so that OC = т, Q will describe part of a circle throug 


C, and R will describe a straight line (Fig. 229). Alternatively 


we could fix 0 and make О describe а circle through Q; P would 


then trace out a line. Ed 
hat strictly priority cou 

Mr. Michael Goldberg has pointed out s 1853. 
Mice by баай, whose three-dimensional solution (5.5.4) dates from 
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5.4.2 (b). Another linkage of great importance is the ‘crossed 
parallelogram’ ABCD (Fig. 230) in which 4B=CD, AD=BC. 
This has many uses, including that of an inversor, in which form 
it was used by Hart in 1874 to solve the problem of line motion. 
If O, P, Q are three fixed points оп the rods AB, AD, BC such 
that ОРО lie on a line parallel to AC, then this will be true in 
every position of the linkage and ОР.00 = BQ.QC—OA.OB 
which is constant. Therefore once again, if О is fixed, we have а 
means of producing inverse curves, but this time with only four 
bars instead of six. One extra bar suffices to make P move on 
a circle through О, so that Q describes a straight line. This is 
the smallest number of bars for à linkage giving line-motion. 

We shall now describe another five-bar linkage which solves 
the problem; this is also due to Hart. 

5.4.2 (c). The bars AB, CD (Fig. 231) are equal, as also are 

BP, DP. Points E, F are taken on AB, CD so that BE — DF 
and BE.BA = BP*. 
These points E, F are joined by a rod of length equal to BP or 
DP, and A; C are fixed in the plane so that АО = AB = OD. 
Then P traces out the perpendicular bisector of AC. The proof 
of this is an interesting exercise in similar triangles. 

5.4.2 (d) Two other line-motion linkages based on the Peau- 
cellier and Hart inversors, but involving quite a different prin- 
ciple, are due to Kempe (1875). In the first (Fig. 232), A and e 
are fixed to the plane and AOBC is а rhombus. The rods RA, 
RB, RQ are equal and P is chosen to make the kites OARB, 


ВОРВ similar; i.e., PQ = РВ and BP. BO = BR Then it 
AN 


can be proved without difficulty that QAC is a right angle, 80 


that Q describes a straight line perpendicular to AC. 


The second linkage (Fig. 233) uses two similar crossed paral- 
lelograms in the same way as the first uses two similar kites. 
he figure, where AB = CD, 


These are ABCD, ADEF in t j | 
AD = ВО = EF,AF = DE = DA*/DC. Then QAD = BAD 
in all positions. If therefore we fix A and B and attach F Hm 
equal rods to В and ©, P must move along the line AD produced. 
These straight-line linkages are illustrated in Plate 4b. 
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5.4.3. Linkages for drawing curves. It was proved by 
Kempe in 1875 that any algebraic curve can be described by a 
linkage. Even for so simple a curve as a conic the linkage is 
quite complicated, with nine bars: the motion of a suitable point 
on a crossed. parallelogram is inverted with a Peaucellier cell. 


Fia. 237. 


There are, however, certain quartic curves for which the link- 


work is remarkably simple. af 
5.4.3 (a). Bernoulli's lemniscate. The linkwork invented by 


James Watt will draw the lemniscate when it forms а crossed 
parallelogram with the long bars V2 times as long a8 the shorter 
bars (see 5.4.1 (a) above and Fig. 234). Alternatively, the lemni- 
scate can be described by the point P (Fig. 235) опа kite ABCD 
in which АВ = V2 BC. қ 
5.4.3 (6). Cassinian oval. Tf in this last figure а Peaucellier 
cell is added as shown in Fig. 236, the points Q, Q' vill describe 
а Cassinian oval with foci at A and at the image of Ain B. 
5.4.3 (c). Limagon. In Fig. 233, add a bar AD, and fix E, F 
instead of A, D. Then the locus of Bisalimaçon. If,in addition, 
EC = 2BC, then the locus is a cardioid (shown in Fig. 237). 
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The limagons ean however be drawn more simply if a 
sliding rod is used, as shown in Fig. 238. The rod BAP slides 
through a guide pivoted at B, while A moves on a circle with 
centre O. If the complete curve is required, an arrangement 
similar to that shown in Fig. 14 must be adopted at B. Since the 
limaçon is the inverse of a conic with respect to a focus, this gives ` 
an alternative method of generating a conic by a linkage, by 
fixing a Peaucellier cell across B and P. 


Fig, 238. 


5.4.4. Trisection of the angle. If, in the linkage of Fig. 238, we 


take OA = AP = a, thenif POis produced to C, BOC = 3BPO. 
Thus if O, B are connected by a rod of length a and removed 

‚ from the plane, we have an instrument with which to solve the 
trisection problem. This is Pascal’s Trisector. It is better for 
this purpose to make the end В of the rod ОВ run in a slot in the 
rod PAB. The diagram (Fig. 239) shows the instrument in 
use for trisecting a given angle BOC. 

There are many other instruments for trisection. The simplest 
(apart from the marked straight-edge) is probably the T-square. 
This consists of two rods joined rigidly together at right angles; 
the shorter (M LN, Fig. 240) is bisected at the joint. This requires 
a preliminary construction. If BOC is the angle to be trisected, 
draw a line XY parallel to OB at a distance equal to LN or LM. 
This can itself be done with the aid of the square, by laying KL 
along OB, marking two positions of М, and joining them. 


(209) 


Fra. 239. 
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Then place the square so that KL passes through O, M lies 
on OC, and М on XY. ON and OL are then the angle- 
trisectors. 

The Tomahawk, which is the T-square with the semicircle 
with centre N and radius NZ rigidly attached to it, can be used 
directly without previously drawing the line XY. ў 

The principle of similar crossed parallelograms employed in 
Kempe’s linkage (Fig. 233) can be extended to make an angle- 
trisector. For this we need three similar crossed parallelograms, 
the long arm of each being a short arm of its successor, The 
resulting apparatus is shown in Fig. 241. This principle can 
obviously be extended to the construction of an apparatus for 
the division of an angle into any given number of parts. 

545. The crossed parallelogram. The motion of a 
crossed parallelogram provides in itself an introduction to а 
variety of geometrical topics. Suppose first of all we fix one of 
the short bars AB (Fig. 242). Since the points 0, D are now 
rotating about B and A respectively, the instantaneous centre 
for the motion of the rod СР is the point P; the intersection of 
BO and AD. Evidently AP+PB = CP--PD = AD or BC. 
Thus the locus of P, considered as a point of space, is the ellipse 
with A, B as foci and major axis equal to AD; whereas its locus, 
considered as a point attached to the rod CD, is the equal ellipse 
with C, D as foci. Furthermore, since the tangent to an ellipse 
at any point is equally inclined to the focal distances, these two 
ellipses touch at P in every position of the rods. The motion of 
CD is therefore generated by the rolling of the second ellipse 
on the first, which remains fixed. These are the body-centrode 
and the space-centrode respectively for the motion of CD. : 

Again, if the angular velocity of AD is о, the angular velocity 


of CD is w AD i. the same sense, and the rate of change of the 


PD 
angle CDA is w 45. Now let us repla 
etain the link BC, and mount A and D on 


of elliptical gears, which are held con- 
elocity ratio of the pair is 


ce the rods AB, CD by 


solid elliptical disks. Ri 
axles, so obtaining a pair 
stantly in mesh by the link BC. Thev 


(212) 
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AP|PD, which varies from D^ I and back again in the 


course of a revolution, е being the eccentricity of either ellipse. 
The gear thus provides a ‘quick-return’ mechanism which 
finds application in a number of machines. 

To make a model, the ellipses can be cut from wooden blocks 
and should have their rims covered with cloth or felt or strips of 
corrugated cardboard or metal to prevent slipping. The link 
ВО is essential to ensure contact. 

It is instructive to consider the motion of this link itself, Its 
instantaneous centre is the meet Q of AB and CD produced, 
Since QA ~ QD = 90 ~ QB = AB, the locus of Q, regarded 
as a point of space, isa hyperbola with foci Aand D, and regarded 
as a point of the rod ВО, a hyperbola with foci В and С. These 
hyperbolas are the centrodes for the motion of BC, which is 
generated by the rolling of the second hyperbola, carrying the 
rod with it, on the first (Fig. 243). ` 

5.4.6. Miscellaneous linkages. We include here a few 
additional linkages of interest. The first four are based on the 
properties of the parallelo > 

5.4.6 (a). The pantograph. This familiar mechanism is shown 
in Fig. 244. The three points 0, Т, P are collinear, RSTU in 
a parallelogram, and PT|TO = 
one of the three points О, T, P is kept fixed, the other two 
describe similar curves. The instrument is re = € or 
reducing diagrams, and is obtainable from тега, 

54.6 (б). Dividing machine, This is an extension of the 
pantograph (Fig. 245), and is used for dividing а segment OP 
into equal parts. Extended indefinitely, it becomes 

5.4.6 (c). The ‘lazy tongs’ (Fig. 246). 

5.4.6 (d). Roberval's balance (Big. 247). 
letter-weighing machine. X, Y are 

АВ = 0D = XY, 
The rods AB, CD remain v І : 
their vertical velocities are always equal and opposite. Con- 
le of zero activity, equal loads will 


sequently, by the princip 
balance, no matter where they are placed on the scale-pans. 
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5.4.6 (е). The next two linkages (Figs. 248 and 249) are com- 
binations of double kites to produce parallel motion and sliding 
motion, and are due to Kempe. 

In each case the points A, B, С are fixed, and the larger kites 
are congruent and similar to the smaller ones, which are also 
congruent. 

Tn the first figure 

AC = АН = DF = DI; 

GO = GI = GH = GF; 

BO = ВІ = НЕ = EF; 
and СВ.СА = 00%. 

Тһе rod DEF remains parallel to ABC, and ҮС is always 
perpendicular to ABC. 

In the second figure 

AC = AH = DF = DI; 
GC = GJ = GH = GI = GK = GF; 
BC = ВЈ = EF = ЕК; 
and СВ.СА = 00%. 

HGK and IGJ are rigid rods hinged at their mid-points. The 

rod DEF always moves in the continuation of the line ABC. 


5.5. LINKAGES IN THREE DIMENSIONS 
t. This is a very familiar 


5.5.1. Hooke’s universal join nilia 
shafts which are not quite іп 


linkage for connecting two rotating 
the same line. «M. 

A model can be easily made of wire and a circular disk in 
the form shown in Fig. 250. The shafts A and D carry rods 
ВВ’, OC’, rigidly attached to them at right angles. These 
rods move in hinges attached to the central disk, lying along 


perpendicular diameters, one on each side. 4 
The motion can also be illustrated even more simply as follows: 
take an L-shaped piece of cardboard (Fig. 251) and crease it in 
opposite directions as shown at the corner. The inner edges of 
portions @ and 6 then represent the two shafts. 
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5.5.2. ‘Inversion’ of Hooke’s joint. This connects con- 
tinuous rotary motion with oscillatory rotary motion. The 
diagram (Fig. 252) explains the joint. A bears an arc of angle а 
and radius r fixed at right angles to it; D bears a rigid rod 00 
of length r also fixed to it at right angles; their ends are hinged 
as shown to a quadrant of a circle of the same radius r; all the 
hinge-lines pass through O, so that the mechanism is a particular 
case of what is called a spheric chain. The angle ¢ oscillates 


Fia. 252. 


between --« and — as A rotates continuously. A wire model is 
easily made. 

5.5.8. Spheric chains. The above joints are described by 
R. H. Macmillan (Math. Gazette, 26 (1942), 5), where the general 
spheric chain is discussed in detail. A model of it can be made by 
constructing a polyhedral angle out of thin card; as the angle is 
deformed by the plane faces hinging about the flexible edges, 
the outer edges of the angle describe the motion of the general 
spheric chain. This is one of the cases known in which a closed 
chain of less than seven links can move. The general chain of 
six links or less in space is rigid. We proceed to discuss a few of 
the exceptions. 

5.5.4. Sarrus's motion. This is a chain of six bars in which 
groups of three hinges are parallel or concurrent. The diagrams 
(Figs. 253 (a), (b), (c)) show examples made from flat card. In 
Fig. 253 (a) the hinges ac, cd, db are parallel, and so are hinges 
Of, fe, ea, in в perpendicular direction. In the motion, a and b 
remain parallel, and XY is always perpendicular to them. 

In Fig. 253 (6) the hinges ac, cd, db meet at P and bf, fe, ea at 0. 
a and b now rotate about PQ. In Fig. 253 (c) the hinges ac, cd, db 
are parallel, and the other three meet at Q. a moves relative to 
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их 


A 
A 


(e) 


Fro. 253. 


(218) 


hinge 


Fig. 254, 


У. 5 LINKAGES IN THREE DIMENSIONS 219 
b by rotating about a line through @ parallel to the hinges 
ac, cd, db. В. А. Fairthorne (Math. Gazette, 28 (1944), 161) to 
whom the description of the model of Hooke’s joint is due, has 
pointed out that these linkages ‘seem to be unknown to engineers, 
but have been used for centuries by bellows makers, tailors, and 
manufacturers of cardboard boxes’. 

5.5.5. Skew isogram. This was discovered by Dr. G. T. 
Bennett (Engineering, 4 Dec. 1903, р. 777). The lengths of 
alternate links are equal, and the inclinations of the hinges are 
related by an equation. 

We shall give a few special cases in the form of a table, with 
some additional five-bar chains due to Goldberg (Trans. Am. 
Soc. Mech. Eng. 65 (1943), 649-61). 


Author No. of bars Length and twist of links 


2a a 2a a 
Bennett 4 | ш 30° 90° А: 
av2 a ау а 
р t pe 45° 90° 45 
a a a a 
4 о o o o 
2% "m 120° 60° 120 
“а 24а 2а а а 
и 2 00° 60° 90° 30° 30° 
a(1--N2) 2а а а 24 
Me ? | 155 90° 45° 30° 90° 


То these must be added the ring of six tetrahedra (3.11) which 
| d not be regular, but 


has a limited mobility. The tetrahedra need 2 
must be congruent, with their opposite hinge-edges аб ы 
angles. The ring of eight or more tetrahedra will rotate like a 


Ee i ient to use card- 
To construct these chains, it 18 most convenien о us 
board tetrahedra for links. To construct а link of length Г an 


twist 0, proceed as follows. 

Be rectangle with diagonals of length h, the о of ү 
hinge, and containing an angle 0. From a corner of the Jie e 
drop à perpendicular on to a diagonal, thus dividing it r ae 
parts р and 4, the perpendicular being of length a (see #18. й 
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Then the faces of the tetrahedron are triangles whose altitude y 
is of length (2+), and divides the base into segments p апад. 
The net of the tetrahedron is shown in Fig. 254. 

A further special six-bar chain was discovered by Bricard. 
It has 0 = 90° throughout, and the lengths of the links are 
a, x, b, y, c, 2 where a?--b?--c? = 28-14-22. Integral solutions 
of these equations can be constructed from the identities: 

424524202 = 824 117-16? = 424-132416? 
= 424 92-419? 
= 215 
92-4122. 202 = 1224-15%- 16% = 26°, 

Further examples and references will be found in “The Free- 
dom of Linkages’, Math. Gazette, 34 (1950), 37, by В. H. 
Macmillan. 


5.6. MACHINES ков DRAWING CURVES 

5.6.1. Besides the linkages we have discussed, there are other 
machines designed specially for drawing certain curves. The 
commonest of these is the ellipsograph, or Trammel of Archi- 
medes, which is used in many drawing offices for constructing 
ellipses. There are various types in use, but the one which illus- 
trates the principle most clearly is shown diagrammatically in 
Fig. 255. Four triangular cheek-pieces are bolted firmly to а 
base-plate which rests on the paper. They form the walls of two 
slots at right angles in which the sliders A and B can run. 
PAB is a slotted arm which can be screwed to the sliders at А 
and Bin such a way that it is free to rotate on the slider, but not 
to slip along the slot AB. The sliders must be longer than the 
width of the slots at O to ensure free travel across the opening. 


Ов BP =, AP =>, 00 coordinates of P are 
(а cos 8, b sin 6) and the locus of P is the ellipse with axes 2a and 
2b. By adjusting the screws, ellipses of different sizes can be 
drawn by a tracing point at P. 

5.6.2. The Archimedean spiral. Another curve which can 
be drawn with a simple mechanism is the Archimedean spiral 
т = ab. A diagram of the mechanism is shown in Fig. 256. A 


222 MECHANICAL MODELS У. 6 


is a toothed wheel fixed to the base-plate B. The moving 
carriage C is free to rotate about the axis of A and carries two 
pulleys Dand E. Ontheaxleof the pulley D, and connected to it, 
is a small pinion G which meshes with the fixed gear-wheel A, 
A thread passes round the pulleys D and Ё and is attached to 
the tracing-point P which moves in the slot S. Evidently the 
distance moved by P along the slot is proportional to the angle 
through which the carriage turns, and the law of the spiral is 
satisfied. 

5.6.3. Lissajous’s figures. This is the name given to the 
family of curves which are described by a point whose motion is 
the resultant of two simple harmonic motions in perpendicular 
directions. In general the motions have different periods and 
amplitudes and a great variety of patterns results. If the periods 
are equal we obtain various kinds of ellipse; if one period is twice 
the other, various quartics, with the lemniscate of Bernoulli 
and the repeated arc of a parabola as special cases. 

The curves can be drawn by combining pendulum motions by 
several different methods, of which Blackburne’s pendulum is 
the example most often given. In this the bob is suspended from 
the lowest point of three strings knotted in the form of a Y. The 
upper strings are attached to fixed points. It is clear that the 
length of the pendulum for motion in the plane of the Y is that of 
the lower string. For motion perpendicular to this plane the 
complete Y oscillates about the points of suspension. It is diffi- 
cult to utilize this to draw a curve on paper, and the range of 
ratios of the two periods is limited, 

For drawing purposes a better method is illustrated in Fig. 
257. Two long arms are hinged together and the pen or pencil 
passes through the centre of the hinge. The far ends of the arms 
rest on the top of two rods which Swing as pendulums in perpen- 
dicular planes. The angle between the arms varies, and there is а 
certain amount of coupling between the motions of the two 
pendulums, but if the arms are long this is slight and a good 
approximation to the true Lissajous's figures can be obtained. 
A few curves drawn with a machine of this type are shown in 
Fig. 258. The ratio given is that of the periods of the two 
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pendulums, and the angle is the approximate initial phase differ- 
ence between them. Notice in the second figure how the slight 
difference in frequency gradually alters the phase difference, so 
that the ellipse is reduced ultimately to a straight line. In dia- 
` grams 3 and 5, where the initial phase difference is only a few 
degrees, notice how the coupling between the motions tends to 
bring them exactly into phase, the loops becoming cusps. It is 
these slow changes which make the patterns interesting and 
produce the ‘envelopes’ which are their most noticeable feature. 
The cathode ray oscillograph also provides a simple method 
of drawing these curves. The potential difference causing the 
«-displacement can be derived from 50-cycle mains or a valve- 
maintained tuning-fork, with a suitable filter to render it sinu- 
soidal. The potential difference for the y-displacement can be 
obtained from a beat frequency oscillator, which will have a 
wide range of frequency. The slow changes are easily observed, 
as the frequencies will not normally be exact multiples. 
5.6.4. The harmonograph. This machine is an extension 
of that last described, which combines the motions of two conical 
: pendulums. As it is possible to fix these so that they move in 
perpendicular planes, it is also possible to use this machine to 
draw Lissajous’s figures as a special case. It is however capable 
of a very wide variety of designs; in fact two patterns drawn 
by the machine are seldom alike. 
The harmonograph was а popular diversion in Victorian 


drawing-rooms, since when it has suffered a decline and is rarely ` 


seen today. The construction of a good machine entails a con- 
siderable amount of labour and skill, but the effort will be well 
repaid, and it makes a fascinating contribution to any mathe- 
matical exhibition that may be planned. 

To judge from Occasional remarks in the literature, the Vic- 
torian models were light enough to be placed on a table, and seem 
to have combined the pendulums one below the other, the second 
being attached to the bob of the first, and the pen to the lowest 
bob. What sort of pen was used and how it made contact in all 
positions with a flat sheet of paper the writer has been unable to 
discover, but there ig no doubt that it produced beautiful and 
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e at the ends of their paths. 


The phase angles give t 
between the times when the pendulums ar 
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continuous curves. The model described here is of a different 
type and much more robust. If the motions are not to decay too 
rapidly a light pen arm and heavy weights are essential; pendu- 
lums about 3 or 4 feet long are also to be recommended. 


5 glass tube 
Г] movable weight —feed 
о [й 
= = 
v (2 / nib 
counterpoise ` glass sheet — — steel пі 
ой wood base En 


gimbal ring ` knife edges 


Ета. 259. 


The principle adopted in this machine is to apply the conical 
movements separately to the pen and to the table carrying the 
paper; the pen-arm can then be mounted so as to permit the pen 
to move up and down, and thus to maintain contact in all 
positions relative to the table. 

Fig. 259 shows a side elevation of the machine. The whole is 
mounted on a wooden baulk which is securely clamped to rigid 
supports. (The machine is very sensitive to slight tremors and 
must be kept as free from vibration as possible.) Two holes 
about 2-inch diameter and about 1 ft. 6 in. apart are drilled in 
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this baulk. This was done in the model constructed under the 
writers’ direction in order to allow 8-inch amplitude of swing for 
each pendulum, but in practice the maximum amplitude could 
not be used owing to the difficulty of finding a pen which would 
work well at high angles of inclination, so that the distance apart 
could be reduced to 1 foot with advantage. Brass rings 2} inches 
in diameter externally and 2 inches internally were then sunk 
into the baulk (as shown in the diagram in solid black) to bear 


Fra. 260. 


ch were bolted to each. This is ring A in 
B of slightly smaller diameter, grooved 
to half its depth along one diameter, and again in a similar 
manner on the opposite side along a perpendicular diameter, 
rested on these knife-edges, and carried in turn the knife-edges 
attached to the pendulum. These were inserted in a steel collar 
© fixed to the brass pendulum rod D. The pendulums, thus 
supported on gimbals, were free to oscillate in any vertical plane. 
They were 4 ft. 3 in. long, 3 ft, 6 in. below the knife-edges and 
9 inches above, but as this raised the table rather high for comfort 
the measurements could be reduced. They carried adjustable 


lead weights, about 10 Ib. each, cast in cocoa tins round à central 
brass tube. These were supported on the pendulums by steel 
collars with get-screws and could be quickly adjusted to any 


depth below the knife-edges. 
Both pendulums were provided with wooden collars at the 


top, one of which supported the drawing table, 8 inches square, 


the steel knife-edges whi 
Fig. 260. A floating ring 
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and the other the pen-arm mounting. A glass plate was clam ped 
to the table to give a smooth writing-surface, and the paper 
stretched over it with clips. The pen-arm mounting is shown in 
Fig. 261. The pen-arm was made of angle-section curtain rod 
laid flat to prevent whipping from side to side, mounted on a 
horizontal axle which was free to revolve on conical pivots, 
These were fixed in a brass bridge, also made of curtain rod, 


collar 


pendulum 
Fic. 261, 


which was screwed to the collar on the pendulum, This design 
was adopted to reduce play as much as possible in a horizontal 
plane, while allowing free vertical motion. 

The arm was provided with a counterpoise, and asliding weight 
(a large spring paper-clip serves very well) to vary the pressure 
on the tracing-point or to remove it altogether from contact 
with the paper. For the construction of the pen, see $ 5.6.6. 

5.6.5. Twin-elliptic pendulum. The alternative method of 
applying both conical movements to the table, while keeping 
the pen-arm fixed except for vertical motion, results in a 
machine of a different type. In this machine, known as the 
twin-elliptic pendulum, the table is carried as before on a 
pendulum, to the lower end of which is attached a second 
‘deflector’ pendulum. The best arrangement is shown in 
Fig. 262. The pen-arm is now hinged to a fixed support, and its 
Suspension can be lighter and narrower since it moves only up 
and down. If the table is to be at а convenient height above the 
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floor the pendulums must be about half the length of those in 
Fig. 259. The lower pendulum can consist simply of a thread 
carrying à heavy bob, and fastened to a hook at the lower end 
of the main pendulum. 

With this arrangement the ratio corresponding to that of the 
periods of the independent pendulums in the two-pendulum 
harmonograph is now the ratio of the periods of the normal 
vibrations of the apparatus. These are the two modes of vibra- 
tion in which the two pendulums remain in a vertical plane 
which rotates about the vertical axis through the point of 
suspension. In one, which has the longer period, the bobs are 
on the same side of this axis. In the other they are on opposite 
sides. It can be shown that when the ratio is m:n there will 
be m+n loops or cusps in the resulting curve when the pen- 
dulums revolve in opposite directions (cownter-current motion), 
and m—n when they revolve in the same direction (concurrent 
motion). The 3:1 ratio is most interesting since it produces sym- 
metrical eurvesin both cases. This happens whenever m and n are 
both odd, so that 5:3 is another such case, but frictional damping 
will be more destructive of the symmetry when m and n are larger. 

This maehine has different characteristics from the two- 

pendulum harmonograph. The latter gives some of its best 
envelopes when the periods are nearly equal, which is impossible 
for the twin-elliptie machine. On the other hand the twin- 
elliptie gives better results for high ratios such as 3:1 or 5:2. 
The ratio can be increased by either raising or lightening the 
upper weight, or by raising or increasing the lower weight. 
It is not easy at first to set a twin-elliptic pendulum in motion 
m а counter-current manner, but if the ‘tuning’ of the periods 
is carefully adjusted beforehand a little practice will enable 
anyone to start the table moving in the desired figure. This will 
be like a deltoid for a ratio of 2:1 and an astroid for 3:1, with 
more complex hypocycloids for other ratios. Full details are 
given in Harmonic Vibrations and Vibration Figures, published 
by Messrs. Newton & Co., the scientific instrument makers. 


Some of the curves actually drawn by machines of these two 
types are shown in Fig. 263, 
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1:1, 180* phase difference, 
3:2, counter-current. 
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2:1, counter-current. 
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5.6.6. Construction of pens. The pen used in either type 
of harmonograph can be either a steel nib provided with a glass 
feed-tube, as shown in Fig. 259, or a glass pen as shown in 
Fig. 262. A ball-pointed pen requires too much pressure, The 
steel nib and feed-tube can be conveniently mounted in holes 
drilled through a cube of wood which is attached to the pen- 


а qo cue 


4. Glass tube drawn out to a fine point. 


a 


2. Point sealed in the Flame. 


= 


3. Point ground until central hole appears 


o> 


4 Shoulders rounded off 
Fic. 264. Stages in the manufacture of a glass pen, 
arm. The single glass реп can be similarly supported, or merely 
held in a spring clip of wire, 

The glass pen, if well made, works more smoothly than the 
steel nib, but it will not usually draw such fine lines, and a 
quick-drying ink may be necessary to avoid smudging the 
pattern, 

To make a glass pen, take a length of fine glass tubing— 
standard wall tubing 4 to 6 mm. in diameter is best, not capillary 
tubing—and heat it evenly at the centre in a gas flame. Draw 
out the tube rapidly and Separate the two halves, thus obtaining 
two narrow drawn-out tubes ag in Fig. 264 (1). These will be too 
brittle for use as they are. To strengthen them, seal off the ends 
at a point where the glass walls are not too fine (Fig. 264 (2)). 


——— тә; 


6 5 FOR DRAWING CURVES 233 


With carborundum paste, obtainable from a repair garage, care- 
fully grind down the sealed end of each tube until the tiniest 
central hole appears (Fig. 264 (3)). The grinding should be done 
on а glass plate with the pen held at right angles to it. Finally, 
with a rolling action, holding the pen at an acute angle with the 
plate, grind the shoulders smooth so that the pen has an even, 
rounded point (Fig. 264 (4)). The line drawn on the paper 
will be the full width of the pen-point, not merely the diameter 
of the hole. 

To fill the pen with ink, suck it up through the point, as in 
a pipette. By this means particles large enough to clog the pen 
ss excluded. If the ink dries in the pen and clogs it, concen- 
trated nitric acid will usually free it. Always wash out the pen 
with clean water after use, and keep it in a beaker of water. 

Any writing-ink may be used, including coloured inks, but not 
of course fixed Indian ink. For a quick-drying ink, ‘TIndurite’ 
or hectograph ink may be recommended. A good bond writing- 
paper is best, or, for more permanent work, a smooth thin paste- 
board. Highly-glazed ‘art’ paper, loaded with china clay, should 
not be used, as the filling quickly clogs the pen. 

5.6.7. Meccanograph. A machine somewhat similar to the 
harmonograph was described some years ago in the literature 
supplied with Meccano sets. A table, made to oscillate in a 
horizontal straight line by means of an eccentric drive from a 
rotating shaft, carries the pivot of a pen-arm which is deflected 
from side to side by another cam geared to the same shaft. The 
pen carried by this arm traced the resulting curve on а rotating 
table, driven by a worm-gear from the same motor as the rest 
of the machine. By altering the position of the pivot, the 
throws of the cams, and the gear ratios, many interesting and 
repeatable patterns can be obtained of epicyclic type. From a 
mathematical point of view however they are somewhat arti- 
ficial, and their equations are complicated. If the table does not 
rotate, curves approximating to Lissajous’s figures are described. 
A full description of the machine is given on p. 53 of the current 
Meccano Manual for Sets 7 and 8. 
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5.7. CONCLUSION 

We have only touched the fringe of a very wide subject, but 
we shall be satisfied if the reader is encouraged to seek for further 
ideas, and to look out for applications of mathematics in every- 
day life. The books in the Bibliography that follows will be 
found useful for further reading. A few of them relate to subjects 
about which nothing at all has been said in this book. For ex- 
ample, the construction of slide-rules, proportional scales, charts, 
and nomogramsis awide subject includingsuch practical applica- 
tions as the construction of photographic exposure meters, 
depth-of-focus diagrams, humidity curves, slide-rules for musical 
intervals, and nomograms for the solution of equations. Bro- 
detsky’s book will be found useful in this connexion. Every 
mathematician ought to read D'Arcy Thompson’s book On 
Growth and Form, which will open his eyes to the remarkable 
mathematics of the biological world, described in a style which 
is unique and altogether delightful. The more mechanically 
minded will find the geometry of pumps, fans, gears, cams, and 
other mechanisms sufficiently varied to provide considera le 
mathematical interest, 

Every scientist knows the value of practical work. Mathe- 


maticians have been slower to realize it, Perhaps this little book 
will serve as a beginning, 
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— surface, 144, 175 f. 

Cuboctahedron, 96, 116, 125, 140, 
170; truncated, 100, 116. 

Cuboid, dissected, 147. 

Curves, algebraic, 65; anti-snowflake, 
60; cubic, 65; epicyclic, 230—1, 233 ; 
Lissajous's, 222 f., 233; of pursuit, 
40 ; polar, 66; quartic, 65, 222 ; rose, 
67; sextic, 201; Sierpinski’s, 60 f.; 
snowflake, 59; trammel, 43. 

Curve-stitching, 38. 

Cyclie quadrilateral, 25. 

Сус1оій, 28, 41, 45, 50, 185 f. 

Cyclometer, 94, 

Cylinder, 150, 153, 163. 


Deltahedra, 72, 135 f. 

Deltoid, 35, 45. 

Desargues's configuration, 142 f. 
Differential analyser, 194 f. 
Dipyramids, 71, 111, 122. 
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Disks, materials for, 13. 
Dissection, 17 f.; of cuboid, 147. 
Dividing machine, 213. 
Dodecadodecahedron, great, 118. 
Dodecagon, dissection of, 22. 
Dodecahedron, 81; colouring of, 76; 
great, 83, 86f.; great stellated, 
88 Е. ; pentakis, 113, 117; plus icosa- 
hedron, 126; rhombic, 71, 110, 114, 
117, 125, 139, 171 f.; small stellated, 
83 f.; snub, 108 f., 116; stellated 
rhombic, 122; trapezo-rhombic, 
139, 172; truncated, 103, 116. 
Dog and hare, 40. 
Double-six, 143 f. 
Dual Archimedean solids, 110 f., 117. 
Duality, 72 f., 110. 


Egg, dissection of, 17-18. 

Egg-box principle, 155, 174 f. 

Ellipse, 27 f., 32, 38, 43, 45, 51, 66, 
150 f., 213, 221, 224. 

Ellipsograph, 221. 

Ellipsoid, 154 f. 

Elliptical gears, 211 f. 

Enantiomorphs, 53, 57, 94, 101, 108, 
112 f., 132. 

Envelopes, 27, 32 f., 162, 224. 

Epicyclic curves, 230-1, 233. 

Epicycloid, 28, 36, 41 f., 45. 

— gears, 48 f. 

Epitrochoid, 41. 

Equation-solving machines, 189 fe 

Equiangular spiral, 63, 67. 

Equilateral triangle, dissection of, 22. 

Euclid’s elements, 70. 

— proof of Pythagoras’ theorem, 21. 

Euler’s theorem, 83. 

Evolutes, 45, 

Exhibitions of models, 12, 27, 64. 


Faceting, 71. 

Facially-regular solids, 71, 94 Г., 116. 
Fairthorne, R. H., 219. 
Four-dimensional polytopes, 140, 146. 
Fourier expansion, 68, 194. 
Freudenthal, 135. 

Friction, 180. 

Functions of two variables, 173. 


Galton, 187 f. 
Gauss curvature, 48. 
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Gears, 48 f.; elliptical, 211 es 
Geodesies, 151. 

Gimbals, 227. 

Glass, 74, 176. 

— pens, 232 f. 

Goldberg, M., 203, 219. 

Golden section, 62, 85, 91, 127 f. 
Graphs, 68. 


Half-twist surface, 166. 

Harmonie vibrations, 230, 235. 

Harmonograph, 224 f. 

Hart, 201, 205. 

Helicoid, 163. 

Heptahedron, 170. 

Hexagon, dissection of, 22. 

Hexagonal close-packing, 171 ; section 
of cube, 138. 

Hexahedron, see Cube. 

— tetrakis, 112, 117. 

Hexecontahedron: pentagonal, 113, 
117; trapezoidal, 113, 117. 

Hilbert, 145-6, 235. 

Hooke’s joint, 215 f. 

Hope-Jones, W., 171. 

Huygens, 45, 185. 

Hydrostatic equation-solver, 190. 

Hyperbola, 27, 32, 46, 51, 67, 151, 
213 ; rectangular, 37, 66. 

Hyperbolic paraboloid, 156, 159 f., 
174. 

Hyperboloid, 154, 156 f., 177. 

Hypercube, 140. 

Hypocycloid, 34-36, 41 f. 

Hypotrochoid, 41. à 


Teosahedron, 72; colouring of, 76; 
59 stellations of, 137; great, 90 f.; 
hexakis, 113, 117; in octahedron, 
127; triakis, 113, 117; truncated, 
104, 116. 

Icosidodecahedron, 102, 116, 126, 
130, 170; great, 119; truncated, 
106 f., 116. | 

Teositetrahedron : pentagonal, 112, 
117; trapezoidal, 112, 117. 

Inks, 233. \ 

Instantaneous centre, 211. 

Integrators, 194 f. 

Inversion, 66, 204 f. 

— of Hooke's joint, 216. 

Involute, 44 f. 

— gears, 48 f. 
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Involute of circle, 43, 45, 49. 
Isogram, skew, 219. 


0 
Joint, Нооке”, 215 f. 
Joints, materials for, 14, 201. 
Juneero, 16, 25, 179, 901. 


Kempe, 201, 203, 205, 207, 211, 215, 
235. 

Kepler, 83, 124, 

Kepler-Poinsot polyhedra, 70, 83 f. 

Klein bottle, 169. 

Knots, 52 f. ; polygonal, 51. 


Ladder, sliding, 34. 

Lathe, 148 f., 154, 177. 

Latitude and longitude, 152. 

Lazy-tongs, 213, 

Lemniseate, 38, 66, 201, 207, 222. 

Lettering, 16. 

Limacons, 28, 38, 66, 207 f. 

Lines, materials for, 13, 142, 157. 

Linkages, 200 f.; three-dimensional 
2165 f. 

Links, 54, 169. 

Lissajous's figures, 222 f., 233. 

Lituus, 67. 

Lobachewski, 48. 

Loci, 974, 


Й 


Maclaurin expansion, 68, 
Maemillan, R. H., 216, 221. 
Mallock machine, 190, 192 f, 
Map colours, 76, 148 f. 
Materials, 13, 73 45. ІЙ; 
Meceano, 16, 190, 198. 
Meccanograph, 233. 
Mechanics, models in, 178. 
Mineur, A., 22. 

Minimal surfaces, 44, 185. 
Möbius strip, 165 f. 

— tetrads, 146, 

Modelling clay, 173. 
Museums, 13. 


Nephroid, 36, 45. 
Net of a polyhedron, 75. 
Non-circular rollers, 180 f, 


Octahedra, five, 127, 130 f. 

Octahedron, 78, 80, 94, 124, 140, 170; 
hexakis, 112, 117; round ісова- 
hedron, 127; triakis, 112, 117; 
truncated, 98, 116, 139, 


One-sided surfaces, 166 f. 
Opties, 162. 

Orthocentric quadrangle, 68. 
— tetrahedron, 143. 
Orthogonal circles, 68. 
Oscillograph, eathode-ray, 224. 


Ovals: Cartesian, 27, 30 f, 67; Casa 


sini's, 27,67-68, 207. 


Paints, 15, 76, 142. 

Pantograph, 213. 

Paper-folding, 18, 51. 

Parabola, 27, 32, 37-38, 43, 46, 51, 66, 
183 f. 

Paraboloid, 185; elliptie, 154, 156; 
hyperbolic, 156, 159 £., 174. 

Paradoxes, 178 f. 

Parallel motion, 215. 

Parallelepiped, 143. 

Parallelogram : crossed, 205, 207, 211; 
equivalent, 18. 

Pascal, 69, 188, 208. 

Pathological functions, 68. 

Peaucellier’s linkage, 203 f., 207. 

Pedal line, 35. 

Pedals, 32, 28» 

Pendulum: Blackburne’s, 222; coni- 
cal, 224 f.; cycloidal, 45; simple, 
222; twin-elliptic, 228 f. 

Pens, 232 f, 

Pentagram, 70—71, 77, 182. 

Pentatope, 136, 140. 

Perigal's dissection, 20. 


Perspective triangles, 142 f. 


Perspex} 74, 156,.185. 

т, calculation of, 24, 189. 

Planimeter, 198 f. 

Plaster of Paris, 173. 

Plasticine, 173. 

Plastics, 74, 156 f. 

Plateau’s problem, 44. 

Platonic solids, 70, 77 £. 

Poinsot, 83. 

Points, materials for, 14. 

Polar curves, 66. 

Pole and polar, 72. 

Polishing, 16, 233. 

Polygon, star, 70, 77. 

Polygonal knots, 51. 

— sequences, 58. 

Polyhedra, 70 f.; colouring of, 76; 
facially regular, 71, 94f., 116; 
materials for, 73 ; reciprocal or dual, 


ғ. 
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73, 110, 116-17; regular, 77 Е. ; stel- 
lated, 70, 72, 83 f., 118 f. ; vertically 
regular, 71, 110 f., 117. 

Polytopes, 140, 146. 

Polyvinyl ehloride, 156 f. 

Prince Rupert/s eubes, 138. 

Prismoids, 71, 94. 

Prisms, 71, 94, 139. 

Projective geometry, 30, 37. 

Pseudosphere, 48. 

Pursuit curve, 40. 

Puzzle, 122 f. 

Pythagoras' theorem, 20-21. 


Quadrangle, 68. 

Quadric surfaces, 150, 154 f. 

Quadrilateral: complete, 68; cyclic, 
25. 

Quartie curves, 65, 222. 

— surface, 161 f. ; Steiner's, 169 f., 173, 

-Quasi-regular polyhedra, 118. 

Quick-return mechanism, 213. 

Quincunx, Galton's, 187. 


Radiolarians, 78, 

Rectangle equivalent to triangle, 18. 

Regular compounds, 79, 124 f. 

— polyhedra, 70, 77 f. 

— tessellations, 55. 

Repeating patterns, 66. 

Reye's configuration, 146. 

Rhombie dodecahedron, 71, 110, 114, 
117, 125, 139, 171 f.; stellated, 122. 

— triacontahedron, 71, 110, 115, 117, 
126, 128. 

Rhombicosidodecahedron, 105, 116. 

Rhombicuboctahedron, 99, 116. 

Rings: Borromean, 54; materials for, 
14; rotating, 137, 219. 

Roberts’s motion, 203. 

Roberval’s balance, 213. 

Rollers, non-circular, 180 f. 

Roman surface, 169 f. 

Rose curves, 67. 

Rotating fluid, 195. 

Roulettes, 41 f., 213. 

Row, T. Sundara, 51. 

Ruled surfaces, 156 f. 


Sail, 193. 

Sarrus's motion, 216. 

Schläfli, 83, 122, 143; symbol, 56, 77. 
Section: golden, 62; of cone, 148; of 
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eube, 138; of cylinder, 150; of torus, 
149. 

Semi-cubical parabola, 46. 

Semi-regular tessellations, 56. 

Seven-colour map, 148 f. 

Sextic curve, 201, 

Sheets, materials for, 13. 

Sierpinski curve, 60 f. 

Similar figures, 22. 

Simson’s line, 35. 

Simultaneous equations, 192. 

Sine and cosine, 26. 

Skew isogram, 219. 

— lines, 144. 

Snowflake curve, 59. 

Snub cube, 101, 116. 

— dodecahedron, 108 f., 116. 

Snubs, 94, 101, 108 f., 112 f., 116. 

Soap-films, 44, 183. 

Solids, see Polyhedra. 

Solving equations, 189 f. 

Somervell, Mrs., 38 f. 

Sphere, 73, 152 iW. N 

Sphere-packs, 170 f. 

Spheric chains, 216. 

Spiral: Archimedean, 67, 221; equi- 
angular, 63; parabolic, 67; reci- 
procal, 67. 

Star-polygon, 70, 77. 

Statistics, 186 f. 

Steiner, 169, 

Stella octangula, 124. 

Stellated polyhedra, 70, 72, 83+., 
118 f. 

Stellating, 71. 

Stephenson valve-gear, 200. 

Straight-line motion, 201 f. 

Strips, materials for, 14. 

— Möbius, 165 f. 

Surface: cubic, 144, 175 f. ; methods 
of modelling, 173f.; one-sided, 
166 f. ; quadric, 150, 154 f. ; quartic, 
161 f.; ruled, 156 6; Steiner’s or 
Roman, 169 f., 173; twist, 165. 

Suspension bridge, 183. 


Tangrams, 17. 

r= ҚА5--1), 62. 

Tautochrone, 185. 

Tchebycheff’s motion, 208. 

Telegraph wire, 183 f. 

Tessellations, plane, 55 f., 62; solid, 
72, 139: 


7 


‘Tomoract, 140. 

Tetrads, Möbius, 146, 

Tetrahedra: five, 124, 127; rotating 
rings of, 137, 219 jten, 127, 134 f. ; 
two, 124, "uu 

Tetrahedron: 78, 94, 140; ortho. 
centric, 143; ігіакія, 112, 117; trun- 
cated, 95, 116, 140; volume of, 147, 

Theorem board, 24 


Tomahawk, 211, x 
Tools, 15, 73. ғ 

Topology, 54, 

Тоғаче ifior, 197. 
Ar 

Тгасігіх, 46, 

"Trammel curves, 43, 

— of Arehimedos, 28, 43, 221. 


groat ntellated, 121; 
rhombie, 71, 110, 115, 117, 126, 
128; small stellated, 120. 

Triangle: aroa of, 18; folding of, 51; 
Pascal's, 188, 
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Truncated cuboctahedron, 100, 116. 
-- dodecahedron, 103, 116. 

— icosahedron, 104, 116, 

— icosidodecahedron, 106 f., 116. 
— octahedron, 98, 116, 139. 

^ tetrahedron, 96, 116, 140. 
Truncation, 94 

T-square, 208. 

Twin-elliptic pendulum, 228 Г. 
Twist surfaces, 165. 


Unduloids, 44. 
Upos of models, 12. 
LI 
Valve.gear, 200. 
Van der Waerden, 135. 
Vertex figure, 70, 111. 
Vertically regular solids, 71, 110 f, 
Volume: of sphere, 153 f.; of tetra- 
hedron, 147. * 
Von Koch, 59. 


Net point, 68. 
‘alachaorta’s valve gear, 200. 
Watt, Jamos, 201, 207. 

Wire, 142, 

Wooden models, 147. 
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By c. G. NOBBS. Part I, pp. 256, with many-diagrams, 15s. 
Part II, pp. 400, with many diagrams, 21s. 


The first Part goes up as far as Ordinary Level stage; the second goes on to cover 
sixth-form work. : 


The author has aimed at covering the calculus and coordinate geometry required for 
the Additional Mathematics syllabus, as well as all the coordinate geometry and most 
of the calculus needed by scientists in a sixth form. 

The approach to the subject is inductive, proofs being based in the first instance 
on a detailed investigation of numerical cases. The develepment is always from 
particular cases to the appropriate generalization. This shoald make it possible to 
introduce the subjects at a rather earlier age than has been customary. 

The examples have been very carefully graded. As far as possible the bookwork has 
been divided into short sections each with its own set of direct and simple exercises. 
At intervals, sets-of simple miscellaneous exercises are provided to give the pupil 
practice in selecting the appropriate tool. There are also sets of miscellaneous exer- 

_cises of the problem type and many of these are genuinely practical examples that 
not only might, but do, occur in real life. Another feature of these exercises is the way 
in which, by means of a series of questions, the plan of an attack on a problem is 
outlined. Then, in the next question, a problem of a similar nature is proposed but 
the intermediate steps are omitted. In this way an awareness of the method of plan- 
ning an attack on the problem is fostered. 

Great care has been taken both in planning the development of the work and in the 
production of the book to ensure that the many diagrams included are placed cor- 
rectly on the page so that they assist in making each stage of the argument clear 
without running ahead of it. 

The last chapter contains, for a school textbook, an unusually systematic account 
of the methods of approximating to the roots of numerical equations. This work is 
not difficult and has considerable interest and educational value. It is hoped that the 
treatment is sufficient to inculcate the basic principles of numerical computation and 
to form useful preparatory work for the study of the limits of infinite sequences. 


ELEMENTARY COORDINATE GEOMETRY 
By E. А. MAXWELL. Pp. 288, 215. net 


This book, at sixth-form level, is intended for those who hope to become mathe- 
matical specialists. Although its main aim is to develop them as mathematicians by 
familiarizing them with methods which have general utility and are not just short cuts 
to solutions of particular problems, it also covers those topics usually considered in 
courses up to the Advanced Level examination. Parametric representation, the use of 
matrices, and the links between calculus and coordinate geometry are all exploited 
but not overworked. * 

The book opens with a chapter on coordinates and this is followed by one оп the 
straight line. Then comes a digression on linear equations, elimination and deter- 
minants to prepare the way, for those who may like to benefit from it, for the use of 
determinants in the later chapters. The author then completes the work on the straight 
line. At this point there is an introduction to the methods of analytical geometry. 
The emphasis is on the method and not (except when dealing with the tangent to a 
curve) on the result. The curves chosen for treatment are not conics. After this 
follows an investigation of the form and properties of the parabola and rectangular 
hyperbola, The circle, ellipse and hyperbola are then treated; there is a chapter on 
the application of the ideas of calculus to analytical geometry; another on the 
elementary features of curve tracing; and another on envelopes. Focus-directrix 
properties are discussed and a group of three chapters deal with the geometry of the 
parabola, ellipse and hyperbola. The final chapter is concerned with polar coordinates. 
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